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We recall the definition of the class of primitive recursive algorithms
(APRA) and we prove that there exists a functional programming lan-
guage (primitive recursion with variable parameters or fragment of sys-
tem T1 of Gödel) that simulates all algorithms of APRA in lock-step
(one step is simulated by a constant number of steps). The class APRA
is a large class of algorithms defined from abstract state machine (ASM)
of Y. Gurevich. The functional language admits a mixed-reduction strat-
egy to be efficient and the simulation through an intermediate language
with a bounded-conditional loop.

1. Introduction

We propose to describe a functional programming language that simu-
lates a class of algorithms defined in [1]. We first describe the context of
the paper giving intuition of notions of algorithms and the problematic
related on.

(a) Algorithms.

There is a growing interest in finding a formal definition for al-
gorithms. The first definition was proposed by Y. Gurevich in[2], [3]
and [4]; an axiomatic definition is mapped to the notion of abstract
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state machine with a strict lock-step simulation (see [5] for a definition
of simulation and strict lock-step*). The abstract state machines are a
kind of super Turing machine that work not on simple tape (with finitary
alphabets) but on multi–sorted algebras (see the point of view in [6]).
A program is a finite set of rules that updates terms. For instance, if
we consider an algebra with symbols (res, x, y,<,−) then the following
program is an algorithm for a gcd function:

if x=0 then res := y
if ¬(x=0) ∧ y=0 then res := x
if ¬(x=0) ∧ ¬(y=0) ∧ (x<y) then y := y-x
if ¬(x=0) ∧ ¬(y=0) ∧ ¬(x<y) then x := x - y

The second approach, due to Y. Moschovakis [7], 8] and [27]), considers
that algorithms are expressed by a definition by mutual recursion and
the algorithmic content of a such definition A is given by the semantics of
equations (given by the recursor of a special form of A). With the algebra
containing (−, <), the following equation represents an algorithm for the
gcd function, gcd(x, y) =

if(x = 0, y, if(y = 0, x, if(x < y,gcd(x, y − x),gcd(x− y, y))))

(b) Algorithmic weakness.

On the other side, a whole field of research is devoted to study
the algorithmic power of some programming languages (essentially total
programming languages matching well known class of total functions,
see [10], [12],[13][14] [15], 16],[17] and [1,18,19,20] for main results). All
approaches (except in [1]) consider the lacuna of different languages: for
instance, the minimum problem is such a well known lacuna (it refers to
the fact that the usual algorithm that decrements alternatively its two
inputs and stops when it achieves to read one of its inputs cannot be
simulated by some programming languages; the number of steps to find
the minimum is proportional to the smaller inputs but, in many pro-
gramming languages this algorithm is not representable with the same
complexity).

(c) The class of primitive recursive algorithms.

A more top-bottom approach is to consider a class of algorithms
(thanks to the formal definition of algorithms by Y. Gurevich) and prove

* The algorithms allows to update simultaneously a finite amount of data.
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that a programming language can simulate in lock–step all algorithms
of the class. The second author defined a class of algorithms for primi-
tive recursive functions in [1]; it is proved that this class of algorithms
(named APRA) can be represented by an extension of the imperative
Loop languages ([22]) in lock-step (not in strict lock-step). The APRA
algorithms are all couples (A, c) withA a simple arithmetic abstract state
machine: the domains are integer and boolean, structures are composed
of 0-ary dynamic functions (variables) and the static unary functions
x→ x+ 1, x→ x− 1 (successor and predecessor) and c is any primitive
recursive functions (it represents the length of the run of A).

(d) Link imperative and functional programming languages.

Following [20] and [18], we extract from the system T of Gödel, the
core of the functional language that simulates the class APRA. The
fragment of system T which captures APRA is exactly the language
induced by the definition of primitive recursion with variable parameters
(see [21]) with a mixed call-by strategy (by value on β–reduction and
by-name for rec and if reductions).

(e) Organization of the paper.

The paper is organized as follows : the section 2 is devoted to the
presentation of a language Loop extended with boolean type, boolean
expression, conditional and escape statement or bounded-conditional
loops. Section 3 presents the functional language of system T and sec-
tion 4 is devoted to the main result. We conclude by linking APRA and
an equational presentation of algorithms à la Moschovakis.

2 Loop’s languages.

2.1 The Loop language.

We consider an extension of the Loop language defined in [22] with
a syntax closest to today programming language. The following def-
initions [20], but bounded loops are written downto instead of up to.
The language has been proved to be extensionaly computing primitive
recursive functions. We add boolean and integer types.

Definition. The syntax is defined by induction as follows:

e ::= eint | ebool
eint ::= x | x-1 | x+1 | n̄
ebool ::= ¬b | true | false
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c ::= x:=e
| if b {s} else {s}
| for x in b′ downto 1 {s}
| {s}

b ::= true | false | x
b’ ::= n̄ | x
s ::= ε | c;s
p ::= {s}

The command if e {s1} is equivalent to the command if e {s1} else {}.

We use a down to bounded iteration rather than a usual bounded
iteration. But, we always can transform an increasing iteration onto
a decreasing iteration with a constant cost execution. For example
for xi in 1 to e {s} is replaced by

xnew := 1; for xi in e downto 1 {s[xnew/xi]; xnew := xnew + 1; }

where xnew is a fresh variable and s[x/y] (x, y variables) stands for
the substitution of y by x in s. We have that xi does not appear is
s[xnew/xi].

The operational semantics of Loop is given by a simple transition
system which is described by a set of rewriting rules over configurations.
A configuration is either a value, a pair 〈e, µ〉 (respectively 〈c, µ〉) con-
sisting on an expression e (respectively a command c) and a store µ. A
store maps variable to natural numbers or boolean values in the obvious
way, and we write µ(x) for the value of x in the store µ, and µ[x := q]
for an update of the value of x in store µ.

Operational semantics.

1 – Expressions:
〈xi + 1, µ〉 . µ(xi) + 1
〈xi − 1, µ〉 . µ(xi)−̇1
〈¬b, µ〉 . ¬µ(b)

2 – Assignments: q denotes a natural integer or a boolean value.

〈{xi := q̄; s}, µ〉 . 〈{s}, µ[xi := q]〉
〈{xi := xj ; s}, µ〉 . 〈{s}, µ[xi := µ(xj)]〉
〈{xi := e; s}, µ〉 . 〈{xi := q̄; s}, µ〉 if 〈e, µ〉 . q

where e is neither a constant nor a variable.
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3 – Empty block: 〈{{}; s}, µ〉 . 〈{s}, µ〉.
4 – Sequence: 〈{c; s}, µ〉 . 〈{c1; s}, µ1〉 if 〈c, µ〉 . 〈c1, µ1〉 where c is

neither the empty block nor an assignment.
5 – Conditional:

5a. 〈if e {s1} else {s2}, µ〉 . 〈{s1}, µ〉 where e is either the
constant true or a variable xj and then µ(xj) = true.

5b. 〈if e {s1} else {s2}, µ〉 . 〈{s2}, µ〉 where e is either the
constant false or a variable xj and then µ(xj) = false.

6 – Bounded down iteration:
6a. 〈for xi in e downto 1 {s}, µ〉 . 〈{}, µ〉 where e is either

the constant 0 or a variable xj and then µ(xj) = 0.
6b. And 〈for xi in e downto 1 {s}, µ〉 .

〈{xi := q + 1; {s}; for xi in q downto 1 {s}}, µ〉

where e is either the constant q + 1 or a variable xj and
then µ(xj) = q + 1.

We are now able to define the semantics of a program (as usual .∗

stands for the reflexive and transitive closure of .).

Definition. Given an initial store µ, a program p evaluates to µ′ if and
only if 〈p, µ〉 .∗ 〈{}, µ′〉.

The semantics is deterministic and the only case where no rule can
be applied corresponds to the final configuration (when the program
amounts to an empty block).

2.2 The LoopE language.

The LoopE language extends the Loop language with an escape state-
ment allowing to stops the computation anywhere in the program.

Definition.
c ::= ... | exit when b

We give two equivalent operational semantics. The first one is a
simple extension of the previous with the rules

First semantics: Exit1.

〈{exit when b; s}, µ〉 . 〈{}, µ〉
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where b is the constant true or a variable xj and then µ(xj) = true.

〈{exit when b; s}, µ〉 . 〈{s}, µ〉

where b is the constant false or a variable xj and then µ(xj) = false.

The second one is a transformation of the previous. We consider
now the environment as a couple (α, µ) where µ is the previous notion
of environment and α ∈ {true, false}. Then in all previous rules we
substitute µ by (true, µ). And then

Second semantics: Exit2.

〈{exit when b; s}, (true, µ)〉 . 〈{}, (false, µ)〉

where e is the constant true or a variable xj and then µ(xj) = true.

〈{exit when b; s}, (true, µ)〉 .〈{s}, (true, µ)〉

where b is the constant false or a variable xj and then µ(xj) = false.

Remark. We can allways simulate the exit; statement of the initial
paper [1] by exit when true; for instance.

Remark. The semantics remains deterministic.

Remark. There is no rules in the second semantics for 〈s, (false, µ)〉.

We define, as in [23], by Loop0 the set of programs with no < for >
command and Loopn+1 the set of programs containing the command
for x in b downto 1 {s} with s ∈ Loopn. We say that c is a Loopn–
command: a command which is not under the scope of any for command
is said to be a Loop0–command. Loopn+1–command is a command under
the scope of a n+ 1 depth-nested for command.

2.3 The LoopC language.

We extend the Loop language with a more sophisticated for state-
ment.

c ::= ... | for xi in b′ downto 1 onlyIf b {s}

The operational semantics of this command is
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Conditional for.

〈for xi in e downto 1 onlyIf b {s}, µ〉 . 〈{}, µ〉

where e is either the constant 0 or a variable xj and then µ(xj) = 0 or
where b is the constant false or a variable xk and then µ(xk) = false.

〈for xi in e downto 1 onlyIf b {s}, µ〉

. 〈if b {xi := q + 1; {s}; for xi in q downto 1 onlyIf b {s}}
else {xi := q + 1; }, µ〉

where e is either the constant q + 1 or a variable xj and then µ(xj) =
q + 1 and where b is either the constant true or a variable xk and then
µ(xk) = true.
Remark. With this new statement, we can encode the predicate eq0(x)
in constant–step reductions:

b := true; for I in x downto 1 onlyIf b {b := false; }

This is also the case with the exit when statement, but the step
side of the solution (the end of the program) does not appear to be used
locally.

Of course, we can simulate the exit when statement with condi-
tional loop. But the following translation does not preserve the numbers
of reductions: we can not escape form nested loops in a constant step
reduction, we must go back through all loops.

Definition. The translation ∗ of a LoopE program into a LoopC pro-
gram is defined by induction on commands as follows where w is a fresh
variable (expressions are mapped to themselves) :

1- (exit when u)∗ = {if u {w := false; }}
2- (if e {s1} else {s2})∗ = if e {s1}∗ else {s2}∗

3- (for xi in e downto 1 {s})∗ = for xi in e downto 1 onlyIf ¬w {s}∗

4- {x := e; s}∗ = {x := e; s∗}
5- {c; s}∗ = {c∗; if w {s}∗} when c is not an assignment.

and then 〈p, (true, µ)〉∗ = 〈p∗, µ⊕ {w, true}〉.
Remark. We need only one variable to encode the escape statement.
We don’t memorize the specific condition of the escape. Of course, it
may be of some interests to memorize the condition of the escape to
adapt the behaviors of the program.
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We extend, trivially, the definition of LoopEn and LoopCn (resp.
LoopEn–command and LoopCn–command) form Loopn(resp. Loopn–
command). Then the transformation doesn’t modify the depth of a
command:

Lemma. If p ∈ LoopEn then p∗ ∈ LoopCn.

From the translation, we have that if an exit when u statement is
raised (i.e. u is true) as a LoopCn–command, the simulation needs to
execute at most one assignment and 2n conditionals:

Lemma. Let (exit when u) be a LoopEn–command then

〈{exit when u; s}, (true, µ)〉∗ →2n+1 〈{}, µ⊕ {w, false}〉
with u = true.

From now the simulation is lock-step (not strict) and do not depend
of the inputs:

Proposition. If pe ∈ LoopEn and 〈pe, (true, µ)〉 →m 〈{}, (α, µ′)〉 then
there exists pc ∈ LoopC such that 〈pc, µ ⊕ {w, true}〉 →O(m) 〈{}, µ′ ⊕
{w,α}〉 where α is true or false depending of the fact that the last
command executed in the execution of 〈pe, µ〉 is a exit when statement
or not.

The GCD sample. Let GCDcore be the following program. It comes
from the gcd program of the ASM of section 1 (see [1] for an explanation
of the transformation from ASM program to Loop program). For sake of
simplicity, we preserve the function substraction (−) and the predicate
lower than (<), but clearly they may be encoded in the LoopC language:

if (x = 0) {
res := y;
stop := true;

} else {
if (y = 0) {

res := x;
stop := true;

} else {
if (x < y) {

y := y - x;
} else { /* x >= y */

x := x - y;
}

}
}
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Now let add(N,M) be the function that sums N and M , then by
inserting GCDcore after each command (the principle is that GCDcore
must run enough times to be computed; this is done by inserting the
core program, one that represents the program of the ASM , in a pro-
gram that implements a higher lower bound of the algorithm) we obtain
a LoopC program that computes the gcd function with the expected
complexity:

stop := false;
X := 0;
GCDcore;
for I in N downto 1 onlyIf !stop {

X := X + 1;
GCDcore;

}
if !stop {

for J in M downto 1 onlyIf !stop {
X := X + 1;
GCDcore;

}
}

3. The system T language

The system T language is an extension of the usual primitive recursive
with variable parameters ([21]). We present it as a λ–calculus with
integer types and a recursor.

Primitive recursive functionals of finite types, also known as Gödel
system T in logic (see [24]), and as typed lambda calculus with prim-
itive recursive recursion in higher types in computer science, are quite
important in both areas. In the former they are used in proof-theoretical
studies of Peano arithmetic, in the latter they can be used to give the
formal semantics of some modern kind of (functional) computer pro-
gramming languages.

3.1 Types and syntax.

We give the definition of system T with product types (tuples and n-
ary functions), a constant-time predecessor operation and a conditional:

Definition. We define types and typed-terms by induction:
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Types are defined inductively by: B is the type of booleans, N
is the type of natural numbers, and if U and V are types then are
U → V and U × V ;
Terms t : T are defined inductively

– for each types T , the set of typed variables xT : T, yT :
T, . . . are typed–terms,

– true : B, false : B are typed–terms,
– 0 : N is a typed–term,
– S(t) : N and pred(t) : N are typed–terms if t : N is a

typed–term,
– (tT1

1 , · · · , tTn
n ) : (T1×· · ·×Tn) is a typed–term if tT1

1 , · · · , tTn
n

are typed–terms,
– λ(xU1

1 , · · · , xUn
n ).t : (U1 × · · · × Un)→ T is a typed–term if

t : T is a typed–term,
– t u : T is a typed–term if t : U → T et u : U are typed–

terms,
– ifT (c, u1, u2) : T is a typed–term if c : B and u1, u2 : T are

typed–terms,
– recT (t, b, [xN , yT ] s) : T is a typed–term if t : N , b, s : T

are typed–terms.

We choose a special syntax for the rec that has been, first, intro-
duced by L. Colson in [25, 11]. Despite the theoretical (philosophical)
point of view* this presentation allows us to consider, easily, two differ-
ent strategies of reductions : one for the β–reduction and one for the
rec.

We define by induction the degree ∂(T ) of a type T as follows:

∂(B) = ∂(N) = 0, ∂(T → U) = max(∂(T ) + 1, ∂(U))

and
∂(T1 × · · · × Tn) = max(∂(T1), . . . , ∂(Tn))

We now define the degree d(t) of a term t as the maximum degree of
types T such that recT occurs in t. We denote by T0 the set of all terms
of degree 0 (those terms define primitive recursive functions) and T1 the
set of all terms of degree 1.

* As notice by L. Colson, in the usual presentation of system T , to deduce
that Γ ` recT (n, b, s) : N we need the three hypothesis Γ ` n : N , Γ ` b : T
and Γ ` s : N → T → T then we need the → to define the rule for recursion.
In our case, the rule is Γ, x : N, y : T ` s : T no arrow appears in the rule.
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Remark. Let denote by let (x1, · · · , xn) = u in t the redex:

(λ(x1, · · · , xn).t) u.

3.2 Mixed call–by reductions.

The substitution denoted by t[u/x] is defined as usually. We define
two reductions of one step →β and →. The reduction rules presented
implement the weak call-by-value reduction for the λ–application and
call-by-name reduction for rec and if :

Values:

v ::= x | 0 | S(v) | true | false | λ(x1, . . . , xn).t

Contexts:

C[ ] ::= []
| C[]t
| vC[]
| S(C[])
| pred(C[])
| if(C[], t2, t3)
| rec(C[], t2, [x, y]t3)
| (v1, . . . , vi−1, C[], ti+1, . . . , tn)

Evaluation rules:

C[λ(x1, · · · , xn).t (v1, · · · , vn)] →β t[(v1, · · · , vn)/(x1, · · · , xn)]
C[pred(0)] →β C[0]
C[pred(S(v))] →β C[v]
C[rec(0, t2, [x, y]t3)] → C[t2]
C[rec(S(v1), t2, [x, y]t3)] → C[t3[v1/x, rec(v1, t2, [x, y]t3)/y]]
C[if(true, t2, t3)] → C[t2]
C[if(false, t2, t3)] → C[t3]

4. Lock-step simulation.

In order to distinguish the successor S (which is a constructor) from
the successor seen as an operation (whose evaluation should imply a
reduction step), we shall use the keyword succ as an abbreviation for
λx.S(x) in the following definition:
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Definition. The translation + of LoopC program with variables ~x =
(x1, . . . , xn) into a term is defined by induction on expression and com-
mand as follows:

n+ = Sn(0)

true
+ = true and false

+
= false

x+
i = xi

(xi + 1)+ = succ(xi)
(xi − 1)+ = pred(xi)
{}+ = ~x

{xi = e; s}+ = let xi = e+ in {s}+

{c; s}+ = let ~x = c+ in {s}+ if c is not an assignment
(if b {s1} else {s2})+ = if(b+, {s1}+, {s2}+)
(for xi in e downto 1 onlyIf b {s})+ =

recN→N (e+, λ~x.~x, [y, xi]λ~x.if(b+, let ~x = {s}+ in y ~x, ~x)) ~x

The following lemma states that the translation preserves the lock-
step simulation of expression:

Lemma. If 〈e, (~x, ~n)〉 . q then e+[~n+/~x]→ q+.

Lemma. If w = Sn(0) then

let x = t[w/x] in u ≡ let x = w in let x = t in u

The following theorem states that the simulation is not a strict lock
step simulation.

Theorem. If 〈c, (~x, ~n)〉. 〈c1, (~x, ~n1)〉 then c+[~n+/~x]→1 or 2 c+1 [ ~n1
+/~x].

Proof. By induction on the derivation of 〈c, (~x, ~n)〉 . 〈c1, (~x, ~n1)〉.
- If 〈{xi := q; s}, µ〉 . 〈{s}, µ[xi := q]〉 then {xi := q; s}+[~n+/~x]

= (let xi = q+ in {s}+) [(n1, . . . , nk)+/~x]
= let xi = q+ in {s}+[(n1, . . . , ni−1, xi, ni+1, . . . , nk)+/~x]
→ {s}+[(n1, . . . , ni−1, xi, ni+1, . . . , nk)+/~x][q+/xi]
= {s}+[(n1, . . . , ni−1, q, ni+1, . . . , nk)+/~x]
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- If 〈{xi := xj ; s}, µ〉 . 〈{s}, µ[xi := µ(xj)]〉 then {xi := xj ; s}+[~n+/~x]

= let xi = x+
j in {s}+) [(n1, . . . , nk)+/~x]

= let xi = n+
j in {s}+[(n1, . . . , ni−1, xi, ni+1, . . . , nk)+/~x]

→ {s}+[(n1, . . . , ni−1, xi, ni+1, . . . , nk)+/~x][n+
j /xi]

= {s}+[(n1, . . . , ni−1, nj , ni+1, . . . , nk)+/~x]

- If 〈e, µ〉 . q and then 〈{xi := e; s}, µ〉 . 〈{xi := q; s}, µ〉 then {xi :=
e; s}+[~n+/~x]

= (let xi = e+ in {s}+) [(n1, . . . , nk)+/~x]
= let xi = e+[~n+/~x] in ({s}+[(n1, . . . , ni−1, xi, ni+1, . . . , nk)+/~x])

By induction hypothesis e+[~n+/~x]→ q and by β–reduction (call-by-
value):

→ let xi = q+ in ({s}+[(n1, . . . , ni−1, xi, ni+1, . . . , nk)+/~x])
= (let xi = q+ in {s}+)[~n+/~x]
= {xi := q; s}+[~n+/~x]

- If 〈{{}; s}, µ〉 . 〈{s}, µ〉 then {{}; s}+[~n+/~x]

= (let ~x = {}+in {s}+)[~n+/~x]
= let ~x = ~n in {s}
→ {s}+[~n+/~x]

- If 〈c, µ〉.〈c1, µ1〉 and then 〈{c; s}, µ〉.〈{c1; s}, µ1〉 then {c; s}+[~n+/~x]

= (let ~x = c+in {s}+)[~n+/~x]
= let ~x = c+[~n+/~x] in {s}

By induction hypothesis c+[~n+/~x]→2 c+1 [~n+/~x] and by β–reduction
(call-by-value):

→2 let ~x = c+1 [ ~n1
+/~x] in {s}

= (let ~x = c+1 in {s})[ ~n1
+/~x]

= {c1; s}+[ ~n1
+/~x]

- If 〈if e {s1} else {s2}, µ〉.〈{s1}, µ〉 where e is either the constant true
or a variable xj and then nj = true then (if e {s1} else {s2})+[~n+/~x]

= if(e+, {s1}+, {s2}+)[~n+/~x]
= if(e+[~n+/~x], {s1}+[~n+/~x], {s2}+[~n+/~x])
= if(true, {s1}+[~n+/~x], {s2}+[~n+/~x])[~n+/~x]
→ {s1}+[~n+/~x]
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- same with s2 instead of s1 for when e is either the constant false or
a variable xj and then nj = false

- If 〈for xi in e downto 1 onlyIf xb {s}, µ〉 . 〈{}, µ〉 where e
is either the constant 0 or a variable xj and then nj = 0 then
(for xi in e downto 1 onlyIf xb {s})+[~n+/~x]

= (rec(e+, λ~x.~x, [y, xi]λ~x.if(x+
b , let ~x = {s}+ in y ~x, ~x)) ~x) [~n/~x]

= rec(0, λ~x.~x, [y, xi]λ~x.if(x+
b , let ~x = {s}+ in y ~x, ~x)) ~n)

→rec (λ~x.~x) ~n
→β ~x[~n/~x]
= {}+[~n/~x]

- If 〈for xiin e downto 1 onlyIf xb {s}, µ〉.

〈if xb {xi := q + 1; {s} for xi in q downto 1 onlyIf xb {s}}

else {xi := q + 1; }, µ〉

where e is either the constant q+1 or a variable xj and then nj = q+1
then

(for xi in e downto 1 onlyIf xb {s})+[~n/~x]

= (rec(e+, λ~x.~x, [y, xi]λ~x.if(x+
b , let ~x = {s}+ in y ~x, ~x)) ~x) [~n/~x]

= (rec(Sn+1, λ~x.~x, [y, xi]λ~x.if(xb, let ~x = {s}+ in y ~x, ~x)) ~n)
→rec (λ~x.if(x+

b , let ~x = {s}+ in y ~x, ~x)[rec(Sn, )/y, Sn+1/xi]) ~n
= (λ~x.if(x+

b , let ~x = {s}+[Sn+1/xi] in rec(Sn, ) ~x, ~x[Sn+1/xi]) ~n

by lemma, we have

= (λ~x.if(x+
b ,

let xi = Sn+1 in let ~x = {s}+ in rec(Sn, ) ~x,
let xi = Sn+1 in ~x)

~n

= (λ~x.if(xb,
({xi := q + 1; {s}; for xi in q downto 1 onlyIf xb {s}})+,
{ xi := q + 1; }+) ~n

→β(if xb {xi := q + 1; {s}; for xi in q downto 1 onlyIf xb {s}}
else { xi := q + 1; })+[~n/~x]
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GCD’s sample. The LoopC program for the gcd function is then
translated to the following term (GCDcore’ is the translated of GCDcore):

let (x,y,r,s) = GCDcore’ in
let (x, y,r,s) =

rec(N
,λ(x,y,r,s). (x,y,r,s),
,[y,I]λ(x,y,r,s). if (s

,let (x, y,r,s) =
GCDcore’
in y (x, y,r,s)
,(x, y,r,s)))

in
let (x, y,r,s) =
if (!s

,rec(N
,λ(x,y,r,s). (x,y,r,s),
,[y,I]λ(x,y,r,s). if (s

,let (x, y,r,s) =
GCDcore’
in y (x, y,r,s)
,(x, y,r,s)))

,(x,y,r,s))
in

(x,y,r,s)

5. Conclusion : from LoopC+ to PRV .
It has been shown in [1], that an extension of Loop language with an
escape statement is complete relatively to APRA, a large class of al-
gorithms (the class of simple arithmetic abstract state machine with a
primitive recursive run).

By simulation, we show that there exists a total functional language
that is complete relatively to APRA too. The functional language comes
with an evaluation strategy that mixes call-by-value (for β–reduction)
and call-by-name (for rec–reduction and if–reduction).

The translation of the for–rule leads to the primitive recursive pro-
gram to level one of system T. But clearly, the term obtained is not as
powerful as a term of the full level one of system which may represent
the Ackermann function (that is not primitive recursive, see [26]). In
fact, the term obtained is representable in the primitive recursion with
variable parameters framework (PRV , see [21]).
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Definition. The set of PRV functions contains the basic functions (~x
stands for (x1, · · · , xn))

f(x) = x+ 1 (successor function)
f(x) = x− 1 (predecessor function)
f(~x) = q (constant functions)
f(~x) = xi (projection functions)

and is closed by the schema of composition with F,G1, · · · , Gm in PRV

f(~x) = F (G1(~x), · · · , Gm(~x))

and by the primitive recursion with variable parameters schema with
g, j and h in PRV

f(0, ~x) = g(~x)
f(y + 1, ~x) = h(y, f(y, j(~x)), ~x)

A function in PRV can be view as a recursive program (a system
of recursive term equations, see [27]).

The terms of LoopC+ are those obtained by the translation + of
LoopC programs. One can then define a translation from terms of
LoopC+ to the PRV term as follows:

Definition.

(let ~x = v in u)∗ ≡
fu(~x) = u∗

fv(~x) = v∗

f(~x) = fu(fv(~x))

(~y)∗ ≡ ~y

(if(b, u, v))∗ ≡
fu(~x) = u∗

fv(~x) = v∗

f(~x) = if(b∗, fu(~x), fv(~x))

(S(x))∗ ≡ x + 1
pred(x))∗ ≡ x − 1
(0)∗, (true)∗, (false)∗ ≡ 0, true, false

(u v)∗ ≡
fu(~x) = u∗

fv(~x) = v∗

f(~x) = fv(fu(~x))
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(rec(e, λ~x.~x, [y, xi]λ~x.if(b, let ~x = s in y ~x, ~x)) ~x)∗

≡

fs(~x) = s∗

fb(~x) = b∗

f(0, ~x) = ~x
f(n+ 1, ~x) = if(fb(~x), f(n, fs(~x)), ~x)

So we rely a subclass of abstract state machine to an equational
presentation of algorithms by simulation. The two notions of algorithms
(the one of Y. Gurevich and the one of Y. Moschovakis) can be considered
similar for the small class of primitive recursive algorithms. This is
promising for the comparison of a large class of algorithms (essentially
arithmetics).
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[26] C. Calude, M. Salomon, and T. Ionel. The first example of a re-
cursive function which is not primitive recursive. HistoriaMath.,
6:380–384, 1979.



A total functional programming language that computes APRA 19

[27] Y. N. Moschovakis and V. Paschalis. Elementary algorithms and
their implementations. In Benedikt Lowe S. B. Cooper and Andrea
Sorbi, editors, New Computational Paradigms. Springer, 2008.


