
Mémoire scientifique pour l’obtention d’une
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toutes ces années. Qu’ils sachent que je pense constamment à eux et qu’ils sont une source
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Chapter 2

Introduction

My works have as main objective to contribute to the formal study of the concept of algorithm.
I choose to approach this issue from three angles: the structural complexity of some pro-
gramming languages, the algorithmic completeness of two languages relatively to a class
of algorithms and the evolving multi-algebras as a representation of models of sequential
computation. These three themes are the subject of the first three chapters.

The final chapter is a contribution to the study of boolean functions and the representation
of some of them using binary decision diagrams (OBDD).

To connect the concept of algorithm with its implementation, the concept of simulation is
necessary. This simulation is more or less fine depending on the angle of approach we choose: a
strict step-by-step simulation (one step of computation in one language is simulated by one step
in the other language) from a imperative language and a functional language in the context of
structural complexity, a non-strict step-by-step simulation (a computational model is simulated
by at most k steps in the other model) between algorithms and programming languages in the
chapter on algorithmic completeness and finally a literal “identification” (all elements of the sim-
ulated model have part of the simulation model with just a change of viewpoint) between “all”1

models of computation and a model based on abstract state machines, Y. Gurevich ([Gur93]).
The starting point of the work has its origins in the study of the algorithmic deficiencies

of some programming languages (the limits of some programming languages to simulate some
algorithms). The first problem that has been proved on a gap between algorithms and program
is called the algorithmic problem of min (it is due to Löıc Colson in the late 1980s [Col89]) it
may be introduced like this

being given a set of functions (in his case, the class of primitive recursive functions
PR) and a programming language to compute them all (in his case, the language
of combinators Pr), does there exist a program that implements the following algo-
rithm2 (which calculates the minimum of two integers):

each integer is represented in unary on a tape of a Turing machine (two
tapes are necessary) and program of the Turing machine proceeds as follows:
each cell is read alternatively (in traveling from left to right for example)

1although this assertion can not be proved but only to be supported by a large number of instances. Exactly
like the idea of Church thesis.

2It may be noted that the algorithm is expressed in a formalism (here in terms of a Turing machine) differ-
ent from the programming language being studied (which may, in turn, be presented as a system of recursive
equations).
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Figure 2.1: The lazy natural integer domain.

and when the value read (on one tape) is different from the value on the
other tape, so the state of the machine becomes final (it is indexed, for
example, by the number of the tape and then indicates the smallest integers).
Initially heads are placed leftmost of the integers.

The answer given by L. Colson, to this problem is negative and involves a property (known as
the ultimate obstinacy property) which is formalized using denotational semantics in a particular
domain (in this case the lazy integer domain Fig. 2.1) and which establishes that the language
(Pr) cannot simulate alternation (ultimately) of the “path” of its inputs. The corollary is a
property of computational complexity, which proves that there can’t exist a program, in the
language Pr, that calculates the minimum of two integers in linear time in the minimum of the
size of the inputs.

This result is the first to establish that some programming languages have algorithms weak-
nesses to compute some functions (so that those functions are computable in this language by
other algorithms). In other words, some languages do not allow to simulate some algorithms.

Further languages are available (for the same class of functions) some cure this shortcoming,
some check other similar properties.

All these studies on algorithmic flaws of programming languages continue throughout the
decade of 90 with Löıc Colson [Col96],[CF98] Daniel Fredholm [Fre96], René David [Dav93,
Dav94, Dav97, Dav03], Yannis Moschovakis [Mos03], Lou Van Dries [Dri03]; classes of functions
studied are the class of primitive recursive functions ([Pét68]) on the one hand and the class
of functions provably total in Peano arithmetic (primitive recursive functional [GLT89]) on the
other hand. These classes are also those on which the work presented here is based.

In [Mos03], Y. Moschovakis suggests to call this study structural complexity of algo-
rithms and raises the fundamental question of the formulation of algorithms which remains
vague for L. Colson and R. David and which is based on definitions of recursive equations in the
Herbrand-Gödel style to D. Fredholm and Y. Moschovakis.

Structural complexity of programming languages

The fact that all these deficiencies have been established from the study of functional languages
could have inferred that this occurred only in the functional world. However, similar results are
established for some imperative languages. This is done in the first chapter ([CLV06]) of this the-
sis for the language Loop of Meyer and Ritchie ([MR76]) and for an imperative language Loopω
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(that is, to our knowledge, the only mandatory language that captures the system T , [CPV09])
to represent exactly the functions of the system T of Gödel (primitive recursive functionals).
It is interesting to note that these results on imperative programming languages are obtained
by the translation of imperative programs into functional programs that simulate step-by-step
(strictly), thereby “recover” the properties and shortcomings of these languages and to extend
them to imperative languages.

The fact that these deficiencies are extended to imperative languages shows that it is im-
portant to study the strengths and weaknesses of control structures in programming languages
(schema of recursion, iterations bounded, the presence of conditional, ...).

The fact remains that the question of the definition of a class of algorithms arises in order
to achieve more “positive” in this issue: namely, given a class of algorithms, does there exist a
programming language that simulates step-by-step all these algorithms.

Algorithmic completeness

In chapter two, I propose the definition of a class of algorithms for primitive recursive functions
(PRA) and then I define a imperative programming language and a functional programming
language that capture all the algorithms of this class of algorithms. The simulation is not strict
because algorithms perform operations simultaneously (in finite bounded), operations that are
not allowed in usual programming language (even theoretical one).

To define the class of algorithms I relied on the formal definition of algorithm given by Y.
Gurevich ([Gur85, Gur93, Rei03b]), namely the abstract state machines (ASM) which define an
algorithm as a transition system whose states are first-order logical structures. These transitions
(definable using a program built from three kinds of rules) modify at each step, a bounded finite
number of elements of the state, need to know a bounded finite number of values of the state
and does not change the signature. This model can capture all the algorithms even partial
([Gur00, Rei03a])3

To limit the class of PRA algorithms to compute primitive recursive functions only, we chose
to restrict the number of transitions to make it computable by a primitive recursive function and
restrict the vocabulary from which those algorithms are built (the restriction we choose for the
operations on which are built algorithms is not sufficient to limit the computation to primitive
recursive functions).

The two definitions of algorithms (that of Y. Gurevich and that of Y. Moschovakis) agree on
the fact that an algorithm is not absolute but is relative to the level of abstraction chosen (a set
of functions over some algebras). Here, we limit ourselves to a ultra-simple arithmetic (successor,
predecessor, equality).

The PRA class is then the set of couple consisting of an ASM program and a primitive
recursive function (representing a milestone in computing time, here, the number of transitions
to the computation. The ASM program alone may compute a non primitive recursive function
or a non total function). Languages that allow the simulation of the algorithms of this class
is an extension of the language Loop with an instruction to “escape” from bounded iterations
in the imperative framework ([APV]) and a restricted version of the system T (we can use a

3There are only two formal definitions of the notion of algorithms, one comes from the theory of machines (Y.
Gurevich with Abstract State Machine), the second definition given by Y. Moschovakis ([Mos98, Mos01, MP08])
comes from theory of recursive equations. Y. Moschovakis identifies an algorithm as a system of recursive equations
and developed a theory of recursor. This approach is more extensional, at first, but with a focus on the time
complexity of algorithms, than the one of Y. Gurevich. You can see comparisons in the critical work of W. Dean
([Dea07], criticism of the two definitions). The choice I made is motivated by the study of imperative languages.
The ASM model is “closest” to imperative languages than functional languages. However, in [MV09], we establish
a first connection between the class of PRA algorithms and system of recursive equations.
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single level of functionality) with a call-by-value strategy in the case of the classical reduction
(called β–reduction) and a call-by-name strategy in the case of reducing the recursion in the
functional framework ([MV09]). The functional language may in fact be represented by a system
of equations similar to the recursion with variable parameters ([Pét68]).

These results establish a notion of algorithmic completeness of some programming lan-
guages that also are extensionally complete (they compute exactly the primitive recursive func-
tions).

Evolving multialgebra

The third chapter takes up the theme of the simulation but the topic is not on programming
languages, but the computational models and their representation within the ASM framework.
This work comes from a dissatisfaction with the way the usual models of computation (Turing
machine, RAM, Grammar, ...) were sometimes shown simulated (not strictly-by-step, see [BS03]
example) by ASM.

Indeed, the usual choice of representation can be accomplished by placing in the state of the
algorithm to be simulated the program and the program (of the ASM) is therefore a universal
model simulator. This representation can be “improved” by letting in the state the represen-
tations of model elements (and only them) and to express only valid programs (syntactically)
in place of the ASM program. This allows for a real identification of the model objects with
mathematical objects (expressible with first order).

This approach, first tested with the model of Turing machines, has to be powerful enough to
represent all the usual sequential models. It leads to the transformation of ASM to evolving multi-
algebras (recalling the first name given to ASM, “Evolving algebra”). The symbols of the state
are typed (to restrict the composition of functions) and the program is an abstract functional
similar to a function of transitions of a Turing machine (symbols are updated according values
in a finite number of points or other such symbols).

This approach presented in [GV10] allows a unified representation of different sequential
models of computation and evolving multialgebras can be regarded as the model unifying models
of sequential computations.

Boolean functions

The last chapter is independent of the previous chapters. It is the summary of research done at
the University of Rouen during the period 2003-2006.

This is a study of boolean functions and their applications to cryptography. This work is
part of the attempted at cryptanalysis ([MVY03]) of public key encryption HFE (Hidden Field
Equation, [14]). This attempt at cryptanalysis was conducted in trying to solve the system of
boolean equations using binary decision diagrams (BDD). Despite the failure of this attempt, we
analyzed the representation of a particular class of boolean functions using OBDD and this leads
to a characterization of boolean functions (called “hard’) and BDD representatives ([MVY05]).

Nota Bene. This manuscript is a summary of my main research activities. Some articles on
sub-themes ([Val05], [GMV10]) have been deliberately left out, such as those made during my
Phd thesis ([Val00],[Val08]).

8



Chapter 3

Structural complexity of
programming languages

3.1 Introduction

In this chapter, we introduce a statically typed extension of the Loop language (called Loopω)
with higher-order procedures and procedural variables and we argue that this programming
language is a natural imperative counterpart of Gödel System T. The argument is two-fold:

1. we define a translation of the Loopω language into System T and we prove that this
translation actually provides a step by step simulation,

2. using a converse translation, we show that Loopω is expressive enough to encode any term
of System T.

The translation is faithful and allows us to give two outcomes:

• a first application of these results is extensional: we derive a new characterization of
the class of Csillag-Kalmar elementary functions (the class E3 in Grzegorczyk hierarchy
[Grz53]). In [BW00], such a characterization is based on a syntactic restriction on terms
of a variant of Gödel System T. As a corollary of various properties of our two translations
we provide an imperative counterpart of this restriction. In particular, we obtain that any
Loopω program in which any bound of loop is a read-only input variable is elementary.

• a second application is intensional and is related to the so-called minimum problem. In
[CF98], L. Colson and D. Fredholm proved that in call-by-value System T (arguments are
evaluated first), any algorithm which computes a non-trivial binary function (where trivial
means constant or projection plus constant), has a time-complexity which is at least linear
in one of the inputs. As a consequence of this property, there is no term that computes
the minimum of two natural numbers n and m in time O(min(n,m)). As a corollary of
the step by step simulation we obtain a similar negative result for Loopω programs.

3.2 System T

Primitive recursive functionals of finite types, also known as Gödel system T in logic (see
[GLT89]), and as typed lambda calculus with primitive recursive recursion in higher types in com-
puter science, are quite important in both areas. In the former they are used in proof-theoretical
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studies of Peano arithmetic, in the latter they can be used to give the formal semantics of some
modern kind (functional) computer programming languages. We give the definition of system T
with product types (tuples and n-ary functions), a constant-time predecessor operation:

Definition 1. We define types and typed-terms by induction:

Types are defined inductively by: N is the type of natural numbers, and if U and V are types
then also are U → V and U × V ;

Typed–terms t : T are defined inductively

• for each types T , the set of typed variables xT : T, yT : T, . . . are typed–terms,

• 0 : N is a typed–term,

• S(t) : N and pred(t) : N are typed–terms if t : N is a typed–term,

• (t1, · · · , tn) : (T1 × · · · × Tn) is a typed–term if t1 : T1, · · · , tn : Tn are typed–terms,

• λ(xU1
1 , · · · , xUn

n ).t : (U1 × · · · × Un)→ T is a typed–term if t : T is a typed–term,

• t u : T is a typed–term if t : U → T et u : U are typed–terms,

• recT (t, b, [xN , yT ] s) : T is a typed–term if t : N , b : T , s : T are typed–terms.

We choose a special syntax for the rec that has been, first, introduced by L. Colson in
[Col91, Col96]. Beyond the theoretical (philosophical) point of view1 this presentation allows us
to consider, easily, two different strategies of reductions : one for the β–reduction and one for
the rec2.

The reduction strategy for our purpose is the call-by-value strategy (the evaluation is argu-
ments first from left to right). Then [x, y] s in rec is an other notation for λx.λy.s.

3.3 Loopω

The Loop language [MR76] is a core imperative language in which programs consist only of
assignments, sequences, and bounded loops. Meyer and Ritchie proved in particular that Loop
programs compute exactly the class of primitive recursive functions. The Loop language has
since been widely studied in the literature (see for instance the textbook [DW83]).

The Loop language is extended with first-class procedures (true closures) and mutable pro-
cedural variables (aka function pointers). This language is called Loopω. It is a pure imperative
language in the following sense: its type system forbids side-effects and parameter-induced alias-
ing. For a better readability, we omit types in the following definition (where q̄ denotes natural
integer, blocks follows the C language syntax and we consider only two formal parameter modes
in and out):

1As (private communication) noticed by L. Colson in [Col91], in the usual presentation of system T , to deduce
that Γ ` recT (n, b, s) : N we need the three hypothesis Γ ` n : N , Γ ` b : T and Γ ` s : N → T → T then we need
the → to define the rule for recursion. In our case, the rule is Γ, x : N, y : T ` s : T no arrow appears in the rule.

2This will be used in Ch.4.
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Definition 2 (Syntax of Loopω).

(command) c ::= {s}
| for y := 1 to e {s}
| y := e | inc(y) | dec(y)
| p(~e; ~y)

(sequence) s ::= ε
| c; s
| cst y = e; s
| var y := e; s

(anonymousprocedure) a ::= proc(in ~y; out ~z) {s}

(expression) e ::= y | q̄ | a
(procedure) p ::= y | a

(value) w ::= q̄ | a

Constraints imposed by the type system [CPV09] allows us to give a simple operational
semantics in terms of transition system which we prove to be equivalent to the natural semantics.

An other operational semantics is given through the translation of a program of Loopω onto
a term of System T. This translation preserves the operational semantics and therefor we obtain
a step-by-step simulation.

3.4 Translation

For sake of simplicity we write let (x1, . . . , xn) = u in t be an abbreviation for the redex
λ(x1, . . . , xn).t u. Then the intuition behind the translation is that, if ~x denotes variables of the
environment then the block {c1; . . . ; cn} is translated into

let ~x = c∗1 in . . . let ~x = c∗n in ~x

Where the ∗ operation is defined below.
We may be more precise as in [CPV09] and annotate blocks by the set of variables that have

their value modified, for intance the block {inc(x); inc(x)}x is translated as

let x = succ(x) in let x = succ(x) in x

The translation is defined by

Definition 3. The translation e∗ and {s}∗~x of respectively an expression e and a block {s}~x into
a term of System T are defined by mutual induction:

• n̄∗ = Sn(0)

• y∗ = y

• {}∗~x = ~x

• (proc(in ~y; out ~z){s}~z)∗ = λ~y.{s}∗~z[~z0/~z] where ~z0 denotes the default value for each type
of z variables.

• {var y := e; s}∗~x = {s}∗~x[e∗/y]
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• {cst y = e; s}∗~x = let y = e∗ in {s}∗~x
• {y := e; s}∗~x = let y = e∗ in {s}∗~x
• {inc(y); s}∗~x = let y = succ(y) in {s}∗~x
• {dec(y); s}∗~x = let y = pred(y) in {s}∗~x
• {p(~e;~z); s}∗~x = let ~z = p∗ ~e∗ in {s}∗~x
• {{s1}~z; s2}∗~x = let ~z = {s1}∗~z in {s2}∗~x
• {for y := 1 to e {s1}~z; s2}∗~x = let ~z = rec(e∗, ~z, [~z, y]{s1}∗~z) in {s2}∗~x
We obtain then the following theorem:

Theorem 1. For any well-typed state (c, µ) (µ is the environment), if ~x = dom(µ) we have:

(c, µ)→ (c′, µ′) implies c∗[µ(~x)∗] ; c′∗[µ′(~x)∗]

Recall that a major result concerning System T states that functions on the natural numbers
that are definable in this system correspond exactly to functions that are provably total in first-
order Peano arithmetic (see the textbook [Sch67]). More precisely, that there is a syntactic
hierarchy of fragments Tn of System T such that the class of functions representable in Tn is
identical to the class of functions provably recursive in the fragment of Peano arithmetic where
induction is restricted to Σn+1 sentences. In particular, T0 corresponds to the class of primitive
recursive functions. We define thus a similar hierarchy of fragments Loopn of Loopω and we
show that both translations relate programs of Loopn and terms of Tn. As a corollary, we
obtain that the functions representable in a language with higher-order procedures but without
procedural variables (which is a sub-language of Loop0) are primitive recursive. This corollary
generalizes thus previous results presented in [CLV06] where Meyer and Ritchies Loop language
was translated into T0. On the other hand, the Ackermann function which is known not to be
primitive recursive is representable in T1 and thus also in Loop1. As far as we know, Loopω is
the first total imperative language allowing to program the Ackermann function.

3.5 Conclusion

This is the first time, as far as we know, up to now, that an imperative language is presented
for the system T of Gödel. The translations used in this work take benefit of all the research in
operational and denotational semantics functional programming. This work has been continued
by T. Crolard and al. ([CP09]) by adding non local-jump and dependent types.

The fact that intensional behavior results can also be obtained (using a step-by-step preserving
translation) improved the thesis that imperative programming languages can be also study from
an algorithmic point of view and not only from a extensional point of view.
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Chapter 4

Algorithmic completeness

4.1 Context

In [Col89], L. Colson using non-standard denotational semantics (the used domain is the lazy
natural integers [Esc93]) proves that, though the function min which computes the minimum
of two integers is obviously a primitive recursive function (see [Pét68] for a formal definition),
there is no way to represent, in the model of primitive recursive programs (which are called
PR-combinators), the better known algorithm, which decreases alternatively both arguments.
The main reason is a so called ultimate obstinacy theorem showing that every PR-combinator
must choose one (and only one) of its arguments and thus the alternation between arguments is
impossible. A constructive proof of this property can be found in [Coq92]. This work, despite
the fact that complexity results may be obtained, has opened some researches on the behavior
of programs and especially functional programs. Following L. Colson, R. David (see [Dav01])
developed a new semantics (the trace of computation) allowing him to prove a new property (the
backtracking property) for any primitive recursive program using any kind of data types. This
trace semantics has been applied to usual schemas of primitive recursion and has given some
results on set of functions that are behaviors and has allowed to compare the behavior of some
primitive recursive schemas (see [DV10]).

Some new results have been proved on intensional behavior (also called structural complexity)
about other primitive recursive schemas (in [Val96], [Val00] and [Val08]).

In the same framework, L. Colson and D. Fredholm (see [Fre96] and [CF98]) have shown that
call-by-value strategy (with primitive recursion over lists of integers and with primitive recursion
in higher types, for instance system T of Gödel) does not allow to implement the better known
algorithm of the min function.

Similar questions have been studied by S. Brookes and D. Dancanet in [BD95] and [DB96]
with non-determinism and CDS languages.

In [Mos03], Y. Moschovakis extended the Colson’s result and proved that, even with the
addition of a set of programs with corrects complexity (such as <, ..), any logtime algorithm
cannot be implemented for the greatest common divisor (such as Stein’s one, [CLRS01]).

Y. Moschovakis ended by an open problem relative to the classical Euclidean algorithm (L.
Van Den Dries gives a partial answer in [Dri03]).

In [CLV06], the min problem is studied in an imperative framework: the Loop language
which computes only primitive recursive functions ([MR76]). But there is no good program for
the min function too. This result has been extended in the framework of language with higher-
order procedural variables ([CPV09]). See section 3.2 for a description of the language and the
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techniques used.
Then the limitation (from an algorithmic expressivity point of view) of a large kind of prim-

itive recursive languages has been proved also, even imperative or functional programming lan-
guage, do not allow to implement very simple algorithms, for instance simple algorithm for inf
and gcd.

Our motivation is then to construct a more expressive language and prove that it captures
integrally a class of algorithms that specify primitive recursive functions.

4.1.1 Results

We construct a set of algorithms from the notion of Abstract State Machines ([Gur93]). To
compute only primitive recursive algorithms, we restrict the framework of the algorithms to
usual primitive recursive vocabulary (unary integers with successor and predecessor, essentially).
The number of steps of computation is also bounded to primitive recursive functions.

Then we construct two programming languages ([APV] and [MV09]) that are faithful to rep-
resent those algorithms. The two languages come from the imperative and functional paradigm.

4.1.2 A class of algorithm for primitive recursion

So far the notion of algorithms was defined as an effective procedure that solves a problem (this
is the “definition” that occurs in most of books on algorithms).

This concept is intuitive and it is mostly reduced to the existence of a mechanism for real-
izing it (again we mean by mechanism, a mechanical process, such as a Turing machine or an
automaton, or still possible to express the algorithm with a program that itself can be compiled
into a mechanical process). For a philosophical and/or mathematical discussion of algorithm we
can see [Dea07].

Nowadays only two attempts of the definition of algorithms arise. They are both influenced
by classical programming : imperative and functional. They share the fundamental point that
all algorithms depend of a level of abstraction that is designed by terms algebras.

Moschovakis algorithms The approach due to Y. Moschovakis ([Mos98],[Mos01] and [MP08]),
considers that algorithms are expressed via definitions by mutual recursion and the algorithmic
content of a such definition A is given by the semantics of equations (given by the recursor of
a special form of A). For insance, with the algebra containing (−, <), the following equation
represents an algorithm for the gcd function:

gcd(x, y) = if(x = 0, y, if(y = 0, x, if(x < y, gcd(x, y − x), gcd(x− y, y))))

Abstract State Machine This definition was proposed by Y. Gurevich in [Gur85], [Gur93],
[Gur00] and [DG08]; an axiomatic definition is mapped to the notion of abstract state machine
with a strict step-by-step simulation (see [DDG97] for a definition of simulation and strict lock-
step. The Abstract State Machines are a kind of super Turing machine that work not on simple
tape (with finitely alphabets) but on multi–sorted algebras (see the point of view in [GV10]). A
program is a finite set of rules that updates terms. For instance, if we consider an algebra with
symbols (res, x, y,<,−) then the following program is an algorithm for a gcd function:

if x = 0 then res := y
if ¬(x = 0) ∧ y = 0 then res := x
if ¬(x = 0) ∧ ¬(y = 0) ∧ (x < y) then y := y − x
if ¬(x = 0) ∧ ¬(y = 0) ∧ ¬(x < y) then x := x− y

14



4.2 Abstract State Machine (ASM)

The theory of ASM began in 1985 in [Gur85] but it was preceded by attempts due to Gandy
([Gan80]) and Schönhage ([Sch80]) among others. The ASMs are presented and debated in
[Gur00],[BS03], [Rei03b] for instance. The main goal is not to define a new theoretical model for
a computation model but a theoretical model for the notion of algorithm.

Definition 4. An Abstract State Machine (in normal form) is defined by:

• a family of states S, which share the same vocabulary V ,

• a set I ⊆ S of initial states

• a program π, constructed by a finite sets (simultaneously fired) of command (conditional
and update):

if p then

f(t1, . . . , tn) := t0

with f ∈ V and closed-terms ti on V and p a conjunction equality or inequality between
closed terms.

The program π allows to go from state Si to state Si+1 with the following semantics: if
[[ p ]]Si

= true and if [[~t ]]Si
= ~a then [[ f(~a) ]]Si+1

= [[ t0 ]]Si
. Else [[ f(~a) ]]Si+1

= [[ f(~a) ]]Si
.

f(t1, . . . , tn) := t0 is called an update statement. In an ASMs program, more than one guard
(conditions) may be true simultaneously. Then the updates are done simultaneously (recall
that there is always a bounded simultaneous update). For instance the following program with
V = {x, y}

if true then x := y
if true then y := x

allows to swap the values of two variables (without auxiliary variable nor computation).

Remark 1. • One may be more liberal by allowing simultaneous updates or a full condi-
tional (all this is syntactic sugar). We use || for the simultaneous updates and the usual
if p then P else Q (see the paragraph 1 for an example).

• The vocabulary may be divided in at least two sorts of symbols : static and dynamic1.
Dynamic symbols are those that will evolved during the computation. Static symbols do not
evolved.

• When stops the computation? We consider at least two conditions2 that halt a computation:
the first one is when there is no evolution of the state after a run (π(Si) = Si), an other
one is when we try to modify (simultaneously) the value of a dynamic symbol with two
different values (x := 3 || x := 4 for instance). The previous stop is a kind of clash in the
computation.

Sample 1. To illustrate a concrete algorithm, we anticipate a notion of ASM to be more struc-
tured (see Ch.5):

• one adds a dynamic variable (state) representing the status of the run: state ∈ {run, stop} =
K for instance;

1In fact, one can consider only a sole set of symbols. The program allows to determine those that are updated
(dynamics) from those that are not (statics).

2To be closed to programming languages
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• one considers multi-algebras (by typing functions for instance) and then allowing multi-copy
of same set: < N1, succ >,< N2, pred >;

• one separates in three signatures the vocabulary of the algebra: Sint
sta for the internal static

vocabulary, Sext
sta for the external static vocabulary and Sint

dyn for the internal dynamic vo-

cabulary (for instance state ∈ Sint
dyn).

An algorithm is then given by (Sint
sta, S

ext
sta , S

int
dyn;D;M ;π) with D a set of types (with K ∈ D and

B the boolean type), M the model (the interpretation of symbols) and π the program:

if x = 0 then res := y || state := stop
else if y = 0 then res := x || state := stop
else if y < x then x := x− y
else y := y − x

D = {N,B,K = {run, stop}}
Sint
sta = {(= 0) : N⇒ B; (−) : N× N⇒ N; (∧) : B× B⇒ B;¬ : B⇒ B}
Sext
sta = {N : N,M : N}
Sint
dyn = {x : N, y : N, res : N, state : K}
M = {static symbols are usually interpreted;

dynamic symbols have the following initialization : x = N, y = M, res = 0, state = run}

ASMs have the characteristic to simulate all algorithms (due to the strength of state struc-
ture). This structure of state represents the degree of abstraction of the algorithms.

In [Gur00] and [DG08], Y. Gurevich gives three postulates for the definition of algorithms
that can be summed up by

• an algorithm is a transition system

• states of an algorithm are first order structures

• each transition does a bounded work

From those postulates, Y. Gurevich shows that

Theorem 2 (Gurevich [Gur00]). All algorithms (object that respect the three previous postulates)
can be simulated step by step by an ASM.

This result is then a starting point to consider a smaller class of algorithms that I am interested
in: the class Apra of primitive recursive algorithms. Then we formulate the problem of algorithm
expressivity of programming language by

Does there exist a programming language (functional or imperative) that simulates
all the algorithms in Apra?

We then explore this question.

4.3 Arithmetical Primitive Recursive ASMs

The aim of this section is to give a formal definition for a class of algorithms we call Arithmetical
Primitive Recursive Algorithms (Apra). The following presentation is similar to the notion of
arithmetical ASM ([DG08]). According to Gurevich’s thesis (ASM equals algorithm, [Gur00])
it is sufficient to define the concept of Arithmetical Primitive Recursive ASM.
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We need to restrict the vocabulary. As a minor constraint, only we consider functions taking
their values over N. Hence we will restrict us to ASMs working over non-negative integers. Then
we define:

Definition 5. N-typed ASMs are ASMs whose non-logic part of the vocabulary only contains
functions taking their values on N.

Definition 6. An N-typed F-ASM A is called basic or arithmetical if the non-logic part of its
vocabulary is reduced to:

{n1, . . . , nj , pred, succ, x1, . . . , xk}

where:

• n1, . . . , nj, pred and succ are static and represent respectively natural constant operations
which belong to N, the unary predecessor and successor functions on N (respectively),

• x1, . . . , xk are nullary functions defined over N and the only dynamic functions of the ASM;
as usual we can identify them with variables, further denoted by V ar(A). The sequences
in(A) and out(A) only contain such variables (in(A) (resp. out(A)) denotes the inputs
(resp. the outputs) of the algorithm).

And, since static functions in an ASM are evaluated for free, when considering complexity,
the choice of basic ASMs is not so restricted as it could seem on first view.

Remark 2 (The min example). A natural arithmetical ASM for the min problem is:

A inf algorithm :
if x = 0 then

res := n
if ¬(x = 0) ∧ y = 0 then

res := m
if ¬(x = 0) ∧ ¬(y = 0) then

x := x− 1
y := y − 1

Definition 7 (Arithmetical Primitive Recursive Algorithms). The set of arithmetical primitive
recursive algorithms (Apra) is the set of couple (A, f) where A is a basic ASM and f ∈ PR. f
is a maximal bound for the length of the runs of A.

Remark 3. For instance, we can define (AAck,min
2) to be an Apra (AAck(n,m) is an ASM

(basic) computing the Ackermann function on n,m and we run it at most min2(n,m)).

4.4 Programming languages

4.4.1 A imperative programming language for Apra : Loophalt

We consider the language Loopω (described in 2) but we do not allow high-order procedural
variables. We add the following command:

c ::= ... | halt;

The semantics is just to force the halt of the program and this command does not allow to leave
the set of primitive recursive functions.

We then proceed in two step for the Apra (A, f) with πA for the program of A:
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1. the πA ASM program is translated into a Loophalt: the shell program,

2. as the function f is primitive recursive there exist a program in Loop that implements it
(at least intentionally) : the core program. We then “inject” the shell program into the
core program.

The core program The core program is constructed from the π program by introducing new
variables (that represent the state before the update) and by comparing old and new values to
detect a fixed point.

Proposition 1. Let A be a ASM and X, Y two states of S(A) with πA(X) = Y . Then, there
exists a Loophalt program PA such that:

(PA, µ)→l (ε, µ′)

for some l and some environments µ, µ′ with env(X) ⊆ µ and env(Y ) ⊆ µ′ (env(X) is the 0-ary
variables of the state). Moreover, l is bounded independently from the inputs value of A.

Remark 4. The number of variables are twice the number of variables of the ASM and there is
no loop in the program (coming from a no-loop π program).

The most interesting process is the construction of a program that has to compute sufficiently
many times the core program.

The shell program To compute the core program we have two solutions:

1. first compute the f function and then construct a bounded loop with the core program in.
BUT the way we compute f may be wrong (from a complexity point of view) : we know
that some functions may not have a good implementation in Loop. Then the computation
of f may be too long compared to the run of the ASM.

2. benefit of the halt; command. Then to be sure that de core program is iterated enough,
one can execute the core program each time a command of the shell program is executed.
The halt; command allowing to stop at the right moment.

Definition 8. Let P be a Loop program and Q be a Loophalt program. We define the insertion
of Q in P (denoted by P [Q]) by induction on the length of P :

• if P is x := e; coms then

P [Q] is Q x := e; coms[Q]

• if P is if e then com1 else com2 endif; coms then

P [Q] is Q if e then com1[Q] else com2[Q] endif; coms[Q]

• if P is loop exprint do com endloop; coms then

P [Q] is Q loop exprint do com[Q] Q endloop; coms[Q]

Theorem 3. Let g be a function from Nk to N and (A, f) be a APRA which computes g. Then
there exists a Loophalt program that simulates A whith a complexity belongs to O(f).

This leads to consider the escape of a bounded loop as a good control structure for program-
ming language. Of course, one can introduce more flexible control structure such that exception
or more subtle block escaping (see [ADA02] for instance).
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4.4.2 A functional programming language for APRA

Following [CLV06] and [CPV09], we extract from the system T of Gödel, the core of the functional
language that simulates the class APRA. The fragment of system T which captures APRA is
exactly the language induced by the definition of primitive recursion with variable parameters
(see [Pét68]) with a mixed call-by strategy (by value on β–reduction and by-name for rec and
if reductions).

But the simulation relies on another control structure related to the bounded loop itself that
can be called conditional bounded loop. This kind of control structure has been used in PL/1.
For sake of simplicity we consider also down-to bounded loops : the loop go downto 1.

Definition 9.

command ::= ... | for xi in b′ downto 1 onlyIf b {s}

4.4.3 Lock-step simulation

In order to distinguish the successor S (which is a constructor) from the successor seen as an
operation (whose evaluation should imply a reduction step), we shall use the keyword succ as
an abbreviation for λx.S(x) in the following definition:

Definition 10. The translation + of LoopC program with variables ~x = (x1, . . . , xn) into a
term is defined by induction on expression and command as follows:

• n+ = Sn(0)

• true
+

= true and false
+

= false

• x+
i = xi

• (xi + 1)+ = succ(xi)

• (xi − 1)+ = pred(xi)

• {}+ = ~x

• {xi = e; s}+ = let xi = e+ in {s}+

• {c; s}+ = let ~x = c+ in {s}+ if c is not an assignment

• (if b {s1} else {s2})+ = if(b+, {s1}+, {s2}+)

• (for xi in e downto 1 onlyIf b {s})+ =

recN→N (e+, λ~x.~x, [y, xi]λ~x.if(b+, let ~x = {s}+ in y ~x, ~x)) ~x

Theorem 4. If 〈c, (~x, ~n)〉; 〈c1, (~x, ~n1)〉 then c+[~n+/~x] � c+1 [ ~n1
+/~x].

The simulation is not strict : one step in the loop is translated to at most two steps in the
rec term.

In fact the obtained term is writable in PRV . Then we answer a question asked in[Val05]
where we compared call-by-value and call-by-name in T0 and proposed a storage operator in
PRV better than that of T0.
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4.5 Conclusion and perspectives

Abstract State Machines are a powerful tool for the study of class of algorithms rather than class
of functions. The distinction between the core of the algorithms (on which one may focus) and
the nutshell (which is an evaluation of how many times the core must be run before a possibly
interesting result) opens a new way to consider algorithms.

The approach (limited to primitive recursive algorithms) presented in this chapter is devoted
to study the expressiveness of a programming language from a complexity point of view, linking
theory of algorithms and theory of computable functions. The set of algorithms that one can
implement in a programming language is the composition of a core program (center on some
simple control structures: conditional, escape, .... without loops) and the possibility to implement
the complexity of the run.

The set APRA of algorithms is large enough to include well known tractable algorithmic prob-
lems. The two programming languages that are used to implement those algorithms are closed
to usual language (Loop in the imperative paradigm and recursion with variable parameters for
the functional one).

What next? The distinction between the core of algorithm and the halting conditions might
be of an interesting approach. Many directions might be worth considering

1. other model of algorithms like Moschovakis model’s,

2. the halting condition may be a logic formula that can be constructively proved for instance,

3. others classes of algorithms : polynomials, elementary, ...
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Chapter 5

Evolving MultiAlgebras

5.1 Context

Abstract State Machine (described in section 4.2) has been developed since 1985 at least in two
directions:

• considering ASM as a specification language : almost all computation models have been
described within this framework, a large set of usual algorithms has been formalized too.
This branch has been popularized first by Y. Gurevich and now essentially by E. Br̈oger :
see the web site http://www.eecs.umich.edu/gasm/

• considering ASM as a formalization of the theoretical notion of algorithms: this part is
mostly supported by Y. Gurevich and people around him (see paper on http://research.

microsoft.com/en-us/um/people/gurevich/annotated.htm. The foundations have been
enforced and fundamental results have been proven.

The fact that Abstract State Machines (ASMs) can strict lock-step (i.e.step-by-step) simulate
any kind of machines (Turing machines, stack automata, RAM, etc) and grammars was shown
long ago by Gurevich (in [DDG97], [Gur93]). A systematic study is also done in Börger [BS03].
A tighter notion of simulation is also valid as shown in Blass, Dershowitz & Gurevich [ABG09].

Up to now, the approach of simulation succeed the following schema: the simulated model is
embedded in the state of the ASM and the program of the ASM is then an interpreter/simulator
of the model. The Fig. 5.1 illustrates the schema.

This approach neglects the definition of the model itself and usually adds some wart (verrue
in french) to the state (useful for the simulation). Fig.5.2 illustrates this point of view for the
Turing machine model.

We consider that a better approach at most for models of computation is to consider that
the simulated program must be the simulator program rather than a data. This leads to the
representation of the Fig.5.3 and opens new questions.

The questions we consider in this chapter are the following:

(Q1) Can we replace strict lock-step simulation by literal identity (up to a simple change of
view)?

(Q2) Given a computation model C, is it possible to get a natural characterization of the class of
ASMs which are equivalent to machines in C?
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Static or/and Dynamic, it depends
of the computation model.

Dynamics
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Simulator or interpreter : 
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State : i

State : i+1

Figure 5.1: Pattern of model computation simulation

As far as we know, up to now, there is only one isolated answer which is about question (Q2):
Gurevich & al. [DDG97] proved that Schönhage Storage Modification Machines correspond ex-
actly (for strict lock-step equivalence) to ASMs with unary functions only.
We bring positive answers to both questions for the diverse usual computation models C (Tur-
ing machines, stack automata, RAMs, Schönhage Machines, Chomsky type 0 grammars, etc.)
slightly extended to models C+ using a tailored version of ASMs which (resurrecting Gurevich’s
original name for ASMs) we call Evolving Multialgebras (EMAs). These answers have the fol-
lowing remarkably simple form:

Theorem 5. There exists a family of EMA static parts M (fixed semantical feature) and a
family of dynamic signatures S (fixed syntactical feature) such that, letting EM,S be the family of
EMAs with static part in M and dynamic signature in S,
- any computation device in C+ is literally identical to some EMA in EM,S ,
- this “literal identity” correspondence is a bijection from C+ onto EM,S .

Of course, literal identity is not a formal notion. What we mean is as follows: the diverse
components of a computation device in C+ are in one-one correspondance with the diverse compo-
nents of the associated EMA, and this correspondance is an identity up to a change of perspective
(for instance, a “physical” bi-infinite tape will be considered to be identical to the mathematical
set Z of integers).

Remark 5. 1. This theorem is indeed a schema: one theorem per computation model. We have
proved it for a variety of usual sequential computation models (cf. [GV10]).
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• Domains Σ (Alphabet), Q (States)
Pos (identified to Z)

• Static items ρ, δ, τ
F ⊆ Q (Final states)

• Dynamic symbols constants q, h
function T (Tape)

• Initialisation of dynamic symbols
q is the initial state, h is the initial position
T with the word ω ∈ Σ∗

• Program IF q /∈ F THEN
q := ρ(q, T (h))
T (h) := δ(q, T (h))
h := h+ τ(q, T (h))

Figure 5.2: Turing Machine via an ASM

2. As said above, the diverse instances of Theorem 5 are proved for slight extension C+ of the
usual computation models C. In all cases, C+ can be viewed as C considered with different time
units: for any k ≥ 1, a device M in C is seen as a device M(k) in C+ in which one step of M(k)

corresponds to k successive steps of M (or < k successive steps in case the last of these steps
has no successor).
3. Considering another presentation of C+, one can also view it as C in which some contingen-
cies have been removed (for instance, the read/write head will be able to scan a window of cells
instead of a single cell) but the computational paradigm has been preserved: local computation
and a particular topology of data storage for Turing machines, indirect addressing of registers
for random access machines, etc. In our opinion, the classes C+ are the right ones to carry the
diverse computation paradigms.
4. In fact, contingencies can also be captured by families of EMAs with more technical definitions
(cf. [GV10]): we loose the remarkable simplicity of the above families EM,S .
5. This theorem schema strengthens Gurevich’s claim that ASMs constitute the natural mathe-
matical modelization of algorithms: EMAs (which are a variant of ASMs) appear as the compu-
tation model which unifies all usual sequential computation paradigms.

5.2 Evolving Multi-Algebras

Evolving MultiAlgebras are modified ASM in the following sense (we illustrate difference with
Turing machine model):

• rather than to consider a whole algebra, it’s useful (and even more accurate) to consider
the typing of sets and functions on that sets we used. So, many algebras are defined as
static or dynamic symbols. By this way, we are closed to good practice in programming,
and also we forbid the shuffle of some operations.

• more than typing we need to consider multicopy of some sets and functions. For instance,
if we want to represent a multi-tape Turing machine we need to represent each tapes inde-
pendently (same for functions operating on them).

• halting conditions are outsourced. As in Ch.4, where we consider the length of the run as
a function outsourced, we give halting conditions in the meta-level. The halting condition
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Figure 5.3: More interesting model computation simulation

in a Turing machine is that a certain state (belonging to a final states set) occurs during
the computation.

• the program is no more considered as a set of updates guarded by some formula, instead
of we consider a transition functional which does exactly what the program tells to do,
but want to be more semantics than operational. An ASM program mimicking the transi-
tion function δ of a Turing machine is a description of δ. Since there are many distinct
descriptions of the same δ, there are many ASMs which tightly simulate the same Turing
machine. Thus, surprisingly as it is, as concerns the transition function component, ASMs
are less abstract than Turing machines. Somehow, there is an extra operational feature in
ASMs which has no corresponding part in Turing machines: the operational way to use δ
is not part of the formalization of Turing machines. Which precludes any literal identity
in ASM simulation of Turing machines.

No surprise, the proof of Theorem 5 for a particular C involves the particular features of the
class C. Thus, the claim (point 5 in Remark 5) that Theorem 5 is true for extensions C+ of
every usual sequential computation model C cannot be proved but only be supported by proved
instances for a variety of classes C.

As for the common features to all such proofs, they come from an analysis of what precludes
positive solutions to questions (Q1) and (Q2). Let us list some of the difficulties which are met.
Some are easy to solve, other ones force to adequately tailor the definition of ASMs (as that of
EMAs) and those of the usual computation models.
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(1) Again considering Turing machines, an ASM simulates the tape by the set Z of all integers
and the moves of the head by the successor and predecessor operations on Z. Terms in the ASM
logical language allow to name the i-th successor and the i-th predecessor. Thus, we cannot avoid
the ASM program to move the head more than one cell left or right unless we constrain terms
in ASM programs to be of a simple form (somewhat “flat”). Which would put technicalities to
any positive answer to question (Q2). This is why we consider slight extensions of the machine
models which allow the read/write head to scan a window of cells rather than only one cell and
to move in a window. This is a kind of extra capability which is much like allowing several tapes
or several heads. Though it does modify the model, it does preserves its core feature: successive
local actions.

(2) For machine models having programs like RAMs and SMM (Schönhage Storage Modication
Machines), there are two slight modifications. First, allow bounded blocks of parallel and/or
successive actions. Second, remove the program and the program counter in favor of a transition
function (much in the vein of Turing machines) which, though operating on an infinite set (the
contents of the accumulator and of the addressed registers in the case of RAMs) is very simply
definable in terms of the original program. Thus, we replace an operational item (the program)
by a denotational one (the transition function). Again, though it does modify the model, it
does preserves its core feature: indirect addressing (for RAMs), dynamic storage topology (for
Schönhage pointer machines).

EMAs versus ASMs. In our opinion, ASMs and EMAs are complementary models. EMAs
generalize any type of machine: it is the unification model. As for ASMs, they are closer to
programming. Indeed, the functioning of a EMA goes through the iteration of a functional. To
program an EMA, we need to add some operational information on how to use this functional and
this leads back to a program, hence to an ASM. . . Thus, ASMs are EMAs plus the instructions
for using the functional: ASMs refine EMAs (in the sense of software engineering) and EMAs
are a (more) abstract version of ASMs.

5.2.1 About the transitional functional

We give here the intuition of this functional by comparing with the Turing transition function.
Usually the transition function of a Turing machine is typed as follows:

δ : Q× Σ→ Q× Σ× {−1, 0,+1}

Q stands for the set of states and Σ stands for the set of symbols. It is presented by rules like
the following:

δ(q1, 1) = (q1, 1,+1)
δ(q1, 0) = (q2, 1, 0)
δ(q2, 1) = (q2, 1,−1)

The operational semantics is described informally (for the first rule):

if the current state is q1 and the cell read is 1 then the current state is now q1, 1 is
now written on the current cell, the head moves now to the right.

There is also a meta-rule where the case of final state is considered.

This can be described by the following ASM program (for the three rules and if s is a symbolics
symbol for the current state, pos for the position, w for the tape):
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if s = q1 ∧ w(pos) = 1 then

s := q1

w(pos) := 1
pos := pos+ 1

if s = q1 ∧ w(pos) = 0 then

s := q2

w(pos) := 1
pos := pos

if s = q2 ∧ w(pos) = 1 then

s := q2

w(pos) := 1
pos := pos− 1

For sake of simplicity, in this program we do not take into account the meta-rule (the current
state is or is not a final state).

From this example, one can generalized the construction of the functional then it follows that
the transitional functional takes as parameter a set of values (of static and dynamics symbols)
to be compared and gives as output a set of values (to update dynamics symbols): thanks to the
typing that manages the operational semantics (see [GV10] for formal presentation).

5.3 The Turing machine sample

The identification of Turing machines with particular EMAs given in this section leads to also
consider a slight variant of Turing machines, which we call “window Turing machines”:

• the head is allowed to scan a small window instead of a single cell, and to move inside a
window in a single step,

• halting (be it accepting or rejecting) is not related to the current state but to the current
local configuration: the state plus the contents of the scanned window.

5.3.1 Deterministic window Turing machines

Definition 11. A deterministic k-window n-tape (bi-infinite tapes) Turing machine is a tuple

(n, k,Σ, Q, F+, F−, δ, ωi, µi)i=1,...,n

where, for i = 1, . . . , n,

• Σ and Q are disjoint finite sets (the alphabet and the set of states),

• F+, F− ⊆ Q× Σ(n2k+1) are disjoint sets

(accepting/rejecting final local configurations),

• δ : Q× Σn(2k+1) → Q (state transition),

• τi : Q× Σn(2k+1) → Σn(2k+1) (read/write on tape i),

• µi : Q× Σn(2k+1) → {−k − 1, . . . ,−1, 0, 1, . . . , k + 1} (move on tape i).
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On each tape, the head scans the cell on which it is positioned and the k cells to the left and the
k cells to the right, (a total of 2k + 1 cells). The argument of type Σn(2k+1) in δ, ωi, µi is the
contents of the n(2k+ 1) cells scanned on the n tapes. The effect of a transition is to change the
state according to δ, to modify the contents of the scanned cells of tape i according to τi and to
move its head according to µi.
The notions of run, halt, acceptance and rejection are defined as usual.

Remark 6. Usual deterministic n-tape Turing machines are the 0-window ones.

5.3.2 EMAs and deterministic n-tape Turing machines

Definition 12. We denote by C(n)
wT the class of EMAs

A = (n+ 3; Sintsta ,Sextsta ,Sintdyn; D; M; Φ)

which satisfy the following conditions (for clarity, we give the semantic types symbols and abu-
sively denote by the same letter static symbols and their interpretations in the structure M of
the EMA).

(1) A has n+ 3 sorts and its multidomain is

D = (Z(1), . . . ,Z(n), Q,Σ,S)

where the Z(i)’s are pairwise disjoint copies of Z (for instance, Z(i) = Z × {i}), Q,Σ are finite
sets and S = {go, acc, rej}.
(2) The signature Sintsta (for the static framework) contains:

• two unary functions symbols Succ(i),Pred(i) of (semantic) type Z(i) → Z(i), for each i =
1, . . . , n,

• |Q| constants (qr)r∈Q of type Q, |Σ| constants (σs)s∈Σ of type Σ and three constants
go, acc, rej of type S.

(3) The signature Sextsta (for static symbols) is empty.

(4) The signature Sintdyn (for the dynamic environment) contains:

• n constants pos(1), . . . , pos(n) of respective types Z(1), . . . ,Z(n), one constant q of type Q,
and one constant s of type S,

• n unary functions c(1), . . . , c(n) of respective types Z(1) → Σ, . . . ,Z(n) → Σ.

(5) The interpretations inM of the symbols of Sintsta (that is, the static framework) are as follows:

• for each i = 1, . . . , n, Succ(i),Pred(i) are interpreted as the successor and predecessor func-
tions in the copy Z(i) of Z,

• q0, . . . , qr−1 are interpreted as the r elements of Q,
σ0, . . . , σs−1 are interpreted as the s elements of Σ,
and go, acc, rej are interpreted as the 3 elements of S.

Thus, the EMAs in C(n)
T are defined as those having particular signature, multidomain and fixed

static framework, parametered by two integers r, s ≥ 1. In particular, there is no condition on
the functional Φ.

Theorem 6 (EMA representation theorem for Turing machines [GV10]). Any deterministic n-

tape window Turing machine is literally identical to some EMA in the class C(n)
T . Conversely,

any EMA in C(n)
T is literally identical to some deterministic n-tape window Turing machine.
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Identification The argument is based on the following literal identifications between the com-
ponents of a Turing machine (TM) and the interpretations of symbols of the EMA signature:

1. (TM) i-th tape and the way the read/write head moves on it.

(EMA) the copy Z(i) of Z structured as 〈Z(i),Succ(i),Pred(i)〉.

2. (TM) states and letters.
(EMA) interpretations of the static symbols q0, . . . , qr−1 and σ0, . . . , σs−1.

3. (TM) current state, positions of the n heads and contents of the n tapes.
(EMA) current interpretations of the dynamic symbols q, pos(1),. . .,pos(n) and c(1),. . . , c(n).

4. (TM) non final or final accepting/rejecting character of the current state.
(EMA) current interpretation of the dynamic symbol s.

5. (TM) transition function.
(EMA) local semialgebraic functional.

5.4 Conclusion and perspectives

The process to enforce the program, to be evaluated, to be the ASM program (and no more in
the state) is a fundamental new perspective for the simulation of models of computation. We
have improved ASM definition, in the way (essentially) of typing and adding multi-domain. It
has lead us to identify usual models of computation to some EMAs.

We then obtain a characterization of models of computation by some EMAs (static and
dynamics symbols), letting the program free of constraints.

The result has, form my point of view, some perspectives:

• one can reconsider the definition of models of computation and enlarge them to be the
one defined by their EMAs definition; the windows Turing machine model is a convincing
example.

• as we can construct the set of algorithms of models of computation in the same framework:
can we compare those sets?

• what about programming language models; ASMs are very closed to imperative paradigm
and models of computation that have finite updates seem to be easily characterizable by
some EMAs but what about functional or logical languages? The closure in programming
languages are a powerful tool to delay the evaluation of some expressions. It allows to
modify the environment with a kind of infinite changes.

Those questions are of some interests for me and some of those questions are closed to be
answered in next works.
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Chapter 6

Boolean functions: Cryptography
and Applications

6.1 Introduction

My work on boolean functions began with the practical attempt to cryptanalysis of a public key
encryption known as HFE Hidden Field Equation (see [14, 21, 22]).

A public key cryptosystem is a pair of functions (performed by an algorithm and denoted by
f, g), which allows anyone to encrypt a message (denoted M) using a key known from all (public
key denoted c). The encrypted message (denoted M ′) is obtained as following: M ′ = FC(M),
where FC is a function entirely determined by the function f and the c key. The decryption is
done through the private key c′ and function g we find gM = (c′)(M ′).

The construction of a cryptosystem is to build these functions f and g and keys. We say
that a cryptosystem is sure if it is difficult to found the message M from f, g and c. The notion
of difficulty is often associated (for theoretical reasons) to the notion of the hard problem (or
NP-hard) in computability theory (see [Sip05] example).

6.1.1 HFE

The HFE cryptosystems are constructed using polynomials defined over finite fields. The method
can be described as follows:

Take a field K extension of degree n of F2. Then K can be seen as a vector space of dimension
n on F2. Any basis e1, ldots, en of K defines a bijection of K to (F2)n as follows:

n∑
i=1

xi.ei ←→ (x1, . . . , xn), with xi ∈ F2

Then every univariate quasi-quadratic polynomial

P (X) =
∑
i,j

αi,jX
2i+2j

+ γ with αi,j ∈ K and γ ∈ K
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on K can be seen in (F2)n as a set of multivariate quasi-quadratic polynomials on F2:
P1(x1, . . . , xn) =

∑1..n
j,k β1,j,kxixk + δ1

...

Pn(x1, . . . , xn) =
∑1..n

j,k βn,j,kxixk + δn

with βi,j,k ∈ F2 and δi ∈ F2

Such a system is the public key of a system HFE. Encryption is a simple application of
polynomials Pi on the bits of the plaintext. As for the decryption, it is supposed to be NP-hard
(see [6, 12, 3, 11]). However we know that if the degree of P (X) is not too high (see [25])
Berlekamp’s algorithm (see [1, 13]) performs in reasonable time.

To ensure the strength, it introduces two trap doors which are just permutations of K and we
call S and T (note that they are expressed on K as a polynomial of the form

∑
i αi(X

2i

) and F2

an invertible linear transformation). Then the HFE public key is defined by the expression on E2

the polynomial T (P (S(X))) (which is quasi-quadratic). But now the polynomial T (P (S(X)))
has degree too high to expect using Berlekamp’s algorithm for finding roots. The private key is
then made of the data S and T , the polynomial can be made public.

6.1.2 Cryptanalysis attempt

Our offense (see [17]) is classified in the class ciphertext attacks only where it is assumed to
have at its disposal only the public key and a copy of the ciphertext. We decided not to try to
algebraic analysis despite the fact that the system is, but to feign ignorance, taking the system as
it stands: a system of equations with boolean variables. For algebraic cryptanalysis we can refer
to the work of Nicolas Courtois (see [3]), Aviad Kipnis and Adi Shamir (see [12]), Jean-Charles
Faugere (see [4]) and Louis Granboulan, Antoine Joux and Jacques Stern (see [7]).

Our idea was to use BDDs to represent the equations and solve the system. The BDDs are
a representation of boolean functions which can handle them efficiently.

Thus, given a ciphertext y1, ldots, yn HFE system allows us to write that
y1 = P1(x1, . . . , xn)

...
yn = Pn(x1, . . . , xn)

We construct, from this system, a Boolean function corresponding to a combination of polyno-
mials. We just have to satisfy the formula (that is to say finding boolean x1, ldots, xn which
satisfy the formula):

F (x1, . . . , xn)
def
=

n∧
i=1

(1 + yi + Pi(x1, . . . , xn))

to extract the message.
The construction of the function uses the BDD by constructing iteration

F(i+ 1) = Fi

∧
(1 + Pi + yi(x1, . . . , xn))

where F0 = 1 and F = Fn.
It was a complete failure, it was impossible even to represent a single equation of a system

for usable HFE (80 boolean variables using the standard practice).
The failure is due to the complexity of boolean functions generated in a HFE system .
We decided to try to make smaller HFE systems to achieve complete cryptanalysis method

in our attempt to understand the phenomena involved.
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For this we make the two software; one to build HFE systems according to our convenience
(see [18]), and the other to handle efficiently generated BDD (see [28]).

The size of generated BDDs by the resolution algorithm is represented in the Fig. 6.1. In
this diagram different curves appear. Each represents a typical behavior of our algorithm for
solving a HFE system produced from a particular finite field. These curves measure the size of
the BDD of each generated formulas Fi.

Figure 6.1: Size of BDDs generated by the algorithm of resolution.

Recall that the valuations that satisfy the formula F also satisfy any formula Fi. Why does
a curve look like this? The thing to understand is that at each stage the number of valuations
that satisfy the formula Fi decreases, but the descriptive complexity of this set of solutions
changes depending on the curve. At first, the complexity strongly grows, then decreases sharply
and collapses to a very small BDD. What we can observe is that the size of generated BDDs
through a peak. We are interested in boolean functions corresponding to this peak and their
representation within the BDD framework.

6.2 BDDs

The binary decision diagrams (BDD) are representations of boolean functions. For many useful
functions, this representation is concise, allowing efficient manipulation of boolean functions
through them. This structure is particularly used in the field of verification (see articles of
Randal Bryant [2] and web site or Ingo Wegener [23, 24]).

The QROBDDs (Quasi-Reduced Ordered BDD) are canonical representations of boolean
functions. A QROBDD is constructed as follows: starting from the truth table of a given boolean
function f , we construct the binary tree which is canonically associated and whose leaves are
labeled by 0 or 1. While identifying all isomorphic subgraphs yields a directed acyclic graph
which is called QROBDD(f).

It should be noted that the QROBDD are a canonical representation of boolean functions
not ROBDD. In fact, and for example, for any integer k, functions f(x1, . . . , xk) = 1 have all the
same ROBDD representation, but they have differents QROBDD representations.
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The complexity cqrobdd(f) from such a representation checks the following trivial property:

n+ 1 ≤ cqrobdd(f) ≤ 2n + 1

If the lower bound is correct, this is not for the upper bound which value, denoted by C(n), has
been so much studied (see [8, 9, 10]). Our goal was then to describe all boolean functions with
n variables for the maximum complexity. These functions are now denoted as hard–functions.

6.2.1 BDD profile

We can notice that a QROBDD is stepped, that it consists of nodes each located at some distance
from the root. We call level i of a QROBDD, all nodes located at distance i of the root. We
denote P(f) the QROBDD profile associated to f and P(f) = (r0(f), . . . , rn(f)) where ri(f) is
the number of nodes in level i associated with the QROBDD f . The following relationships are
known: r0(f) = 1, rn(f) = 1 or 2, ri+1(f) ≤ 2.ri(f) and ri(f) ≤ ri+1(f)2.

By definition we state

cqrobdd(f) =

n∑
i=0

ri(f)

What remains to be determined is how the nodes of a given level are connected to the nodes
of the next stage?

To determine this we have established a constructive combinatorial result indicating that the
number of ways to connect a stage of k nodes to a stage of m nodes and we note that (by analogy
with the binomial coefficients) C(m, k) satisfies the relation

1. C(0, 0) = 1

2. if k > m2 or k < m
2 then C(m, k) = 0

3. else

C(m, k) =

(
m2

k

)
−

m∑
j=1

(
m

j

)
C(m− j, k) > 0

or with a Pascal triangle shape

1. C(0, 0) = 1, ∀ p > 0, C(0, p) = C(p, 0) = 0,

2. C(1, 1) = 1, ∀ p > 1, C(1, p) = 0,

3. ∀m > 1, ∀ k > 0, then

kC(k,m) = (m2 − k + 1)C(k − 1,m)

+m(2m− 1)C(k − 1,m− 1)

+m(m− 1) C(k − 1,m− 2)

Then, the number of BDD with a profile (r0, . . . , rn) equals to
∏n

i=1 C(ri, ri−1).
What we have not yet been determined for a given complexity is, what are the possible profiles

and hence the number of QROBDDs (of functions) with this complexity.
For particular values of the profiles, the number of BDD can be easily identified and associated

functions characterized. Especially for BDDs of maximum size.
Now what connections exist between these graphs and boolean functions? This link is not

completely clear, but if we fix a boolean functions decomposition (such as the Shannon one),
then we associate to a given graph a particular boolean function. So by setting the Shannon
decomposition (traditionally used to obtain a BDD), the question is to determine the set of
boolean functions whose Shannon decomposition gives a boolean graph of maximum size. But
the question might arise for other decompositions.
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6.3 Hard boolean functions

For the Shannon decomposition, the result we obtained, is that hard boolean functions are all
related to the Storage Access function (noted SA) which is the simplest amang the set of hard
functions. If we noted Hn the set of hard functions with n variables, then for some values of n
(when n = a+ 2a, for an integer a), the set Hn is the set of Twisted-SA; the set of SA functions
disrupted (disturbed) by action of a symmetric group.

The function SAk, for all k = 2a, is a function with n = a+ 2a variables and is defined by

SAk(x0, . . . , x2a−1, y0, . . . , ya−1) = xm

where m is represented by y0, . . . , ya−1 (in base two). It can be interpreted as a function that
represents the memory access, the bit xi is the memory state, and yi of the memory address of
the desired content.

The SA function is known to have a BDD representation with a maximum size (see [24]).
This is not always the case; for some variables ordering we can obtained a polynomial size. But
for our perspective changing the order of variables it’s changing the function. Of course the
functions are linked but they are not the same function.

Then we define the Σ-twisted SA function, for Σ ∈ S2k permutation of 2k elements. This
induces a bijection on the set of k–uplets of bit for the representation of integer between 0 and
2k − 1, then

SAΣ
k (x0, . . . , x2a−1, y0, . . . , ya−1) = SAk(Σ(X), y0, . . . , ya−1)

where X the integer with the binary representation x0 · · ·xk−1.
We first show that functions SAk are hard. Then we show that Ha+2a = {SAΣ

2a}.
The other result is that for non-special values of n (a + 2a < n < a + 1 + 2a+1) the set of

hard functions with n variables is obtained by injections from some SA2a and some SA2a+1 .
These results are based on finding that the single degree of freedom existing in maximum

QROBDD lies in the connections that appear in the inflection (stage at which the number of
nodes decreases), and that it’s in this place that acts the symmetric group.

Interesting properties were observed. For example there are hard functions that do not depend
from all their variables. It is quite surprising because counterintuitive. To learn more, we refer
the reader to read [16].

6.4 Conclusion

The attempt of cryptanalysis of the HFE system leads us to study boolean functions and their
representation within BDD (Binary Decision Diagram) framework. Some results in the complex-
ity of representing some boolean functions have been obtained.

We based our investigation on truth tables, but taking hard graphs and interpreting them
with different semantics (euclidian division of polynomials for example) may lead to different
sets of hard functions, studying them will certainly be interesting.
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Chapter 7

Conclusion

The most important part of this work begin by studying the algorithmic behavior of some
imperative programming languages and leads to a questioning on the formal definition of the
concept of algorithm.

The list of algorithmic shortcomings of programming languages is not enough and a more
constructive process is necessary. For this, I relied on the real progress made in defining the
formal notion of algorithm (especially the one of Y. Gurevich with abstract state machines,
ASM) to arrive at a definition of a class of algorithms (one to calculate the primitive recursive
functions).

My work has ignored the formalization of the algorithms made by Y. Moschovakis even if
the search for functional systems that are algorithmically complete for the class of primitive
recursive algorithms is a partial answer. This research is an important motivation for me. This
is the direction I want to take in the coming years.

To my opinion, ASMs have yet generated what they deserved and work on evolving multi-
algebra is an illustration. The reformulation of the models of computation in a unified form
is an example of the expressive power of evolving algebras. This is the second topic I wish to
continue in the coming years, especially extending the representation of computational models
to programming languages.

The part on boolean functions and binary decision diagram has been a great experience, for
me, in the field of cryptography even if this field is a pretext to study theoretical concepts. I do
not despair to pursue the study of representation of special boolean functions with other tools
coming from computer science.
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