
Topological Characterization of
Gurevich Modelization of Sequential Algorithms

Serge Grigorieff1 and Pierre Valarcher2
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Abstract. Sequential algorithms over countable data structures are mod-
elized by Gurevich’s Abstract State Machines as the iteration of a func-
tional which goes from a finite product of function spaces into itself. ASM
functionals have the following properties for some k: (1)k they modify
their argument on at most k points, (2)k their modulus of continuity
is k-bounded. We show that these properties characterize ASM func-
tionals and that property (2)k2 then holds with a modulus of continuity
given by ground terms. This k !→ k2 blow-up is optimal. We also give a
topological interpretation of property (2) in terms of uniform continuity.
The effective version also holds but is harder to prove and involves a
super-exponential blow-up due to the use of Ramsey’s theorem.
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1 Introduction

1.1 Roadmap

We consider deterministic sequential algorithms working with countable data
structures. Here sequential means discrete time plus uniformly bounded action
(as opposed to “wild” parallel action). This a priori quite informal notion of
algorithm has been convincingly modelized around 1984 by Yuri Gurevich with
Abstract State Machines (aka Evolving Algebras), see [6,7,8]. A (deterministic)
ASM consists of the following data.

– A multisort logical functional structure M = (M1, . . . ,Mn; f1, . . . , fp) on a
so-called static functional vocabulary (f1, . . . , fp). This static vocabulary is
typed: types are of the formMj orMj1×. . .×Mjq → Mr. The interpretations
fi’s respect the types of thefi’s.

– A so-called dynamic functional vocabulary which is similarly typed.
– An ASM program consisting of assignments f(t1, . . . , t!) := u where f is a

dynamic symbol and the ti’s and u are ground terms constructed with both
vocabularies, conditionals and finite blocks of such instructions.

A state of an ASM is an interpretation of the dynamic vocabulary. A run of an
ASM is a sequence of states obtained from the first one (the “initial” state) by
iterated application of the ASM program. Thus,



– The base set of the structure and the interpretations of the static symbols
are fixed. They represent the framework of the algorithm and the primitive
operations “given for free”, let them be computable or not.

– The interpretations of the dynamic symbols vary from state to state. They
represent the dynamic environment of the algorithm.

In this way, an algorithm appears as a static framework plus a functional map-
ping the interpretations of the dynamic symbols in some state into the interpre-
tations in the next state (obtained by application of the ASM program). This

functional is of the form Ψ : T → T with T =
∏

i∈I

(
(
∏

j∈Ji
Mj) → M!i

)
where

I and the Ji’s are finite multisubsets of {1, . . . , n} (recall n is the number of
sorts of M), and the "i’s are in {1, . . . , n}.
Let k be the total number of occurrences of dynamic symbols in the terms of
the ASM program. The ASM functional has the following properties:

(1)k It modifies its argument f = (f1, . . . , fq) on a set Xf of at most k points.
(2)k Xf and the new values of f on Xf depend only on the values of f on a set

Yf of at most k points. I.e., the modulus of continuity is k-bounded.

In this work, we show (Theorem 6.2) that any functional Ψ satisfying properties
(1)k and (2)k is an ASM functional. More precisely, one can find some ASM static
framework on the multisort domain (M1, . . . ,Mn) such that properties (1)k2 and
(2)k2 hold in an ASM-like way: the k2 points of Xf and the new values of f on
them are given by ground terms built with f and the ASM static framework, cf.
Theorem 3.7, Corollaries 3.8, 3.9. This k #→ k2 blow-up cannot be improved (cf.
Proposition 3.3).
This characterization can also be seen as a topological one using a particular
transitive uniformity compatible with the usual product topology on function
spaces. ASM functionals Ψ : T → T are exactly those for which, for some k, there
exist 2k uniformly continuous functionals Ai, Bi : T → Mj such that Ψ(f)(x) =
Bi(f) if x = Ai(f) for some i = 1, . . . , k and Ψ(f)(x) = f(x otherwise. A variant
topological characterization uses a notion of “linear” uniform continuity of Ψ .
All these results hold in an effective version (Theorems 5.4, 6.2) with functionals
associated to ASMs with computable static functions. However, the blow-up
k #→ k2 becomes a super-exponential blow-up since we have to use a completely
different proof involving Ramsey’s theorem about k-colorings.

As a perspective work (in progress), these results seem to also apply to par-
allel algorithms, cf. Blass & Gurevich [1,2].

1.2 Conventions and notations

Convention. The notation f : A → B is used for total functions from A to
B whereas u : A ⇀ B is used for partial functions. In practice, we shall have
A = IN or A = IN ∪ {%} and B = IN. We shall use letters Φ, Ψ as respective
names for functionals Φ : BA → B and Ψ : BA → BA.



Definition 1.1. 1. If ξ, η : A ⇀B are partial functions, we let ξ ⊕ η : A ⇀B
be the partial function such that Domain(ξ ⊕ η) = Domain(ξ) ∪ Domain(η), ξ ⊕ η
extends η and (ξ ⊕ η)(x) is equal to ξ(x) if x ∈ Domain(ξ) \ Domain(η).
2. We write (a, b) for the function with domain {a} which maps a onto b and
((a1, b1), . . . , (an, bn)) in place of (a1, b1)⊕ . . .⊕ (an, bn).

Definition 1.2. 1. FA⇀B (resp. FA⇀B
k ) is the family of all partial functions

A ⇀B with finitely many (resp. at most k) points in theirs domains. If u ∈
FA⇀B, we let [u] be the set of total functions A → B which extend u. If a1, . . . , an
are distinct, we let ((a1, b1), . . . , (an, bn)) be the partial function u ∈ FA⇀B

n with
domain {a1, . . . , an} such that u(ai) = bi for i = 1, . . . , n.
2. We write F, Fk when A = B = IN and F", F"

k when A = IN ∪ {%}, B = IN.

Definition 1.3 (Curryfication). 1. If Ψ : BA → BA is a total functional, we
denote by ∂Ψ the total functional ∂Ψ : (BA × A) → B such that (∂Ψ)(f, a) =
Ψ(f)(x) for all f ∈ BA and a ∈ A.
2. We identify A with {%} → A and BA ×A with BA∪{"}, and ∂Ψ with a total
functional ∂Ψ : BA∪{"} → B.

2 Continuity and finite information

First, we reformulate continuity of functionals in terms of how much information
is used. The core of the paper is to replace “finite” by “at most k”.

Definition 2.1. We use Definitions 1.2, 1.3. 1. A covering π of BA is a sub-
family of FA⇀B such that BA =

⋃
u∈π[u]. A covering π is deterministic if the

[u]’s, u ∈ π, are pairwise disjoint, hence form a partition of BA.
2. Let Φ : BA → B be a total functional. A [deterministic] Φ-family is a [deter-
ministic] covering π such that Φ is constant on [u] for every u ∈ π. We say that
Φ uses [deterministic] finite information if there is a [deterministic] Φ-family.
2. Let Ψ : BA → BA be a total functional. A [deterministic] Ψ -family is a [de-
terministic] ∂Ψ -family. Ψ uses [deterministic] finite information if so does ∂Ψ .

Proposition 2.2. A total functional Ψ : BA → BA uses finite information if
and only if so does, for each a ∈ A, the BA → B functional f #→ Ψ(f)(a).

Using finite information is a mere reformulation of continuity.

Proposition 2.3. Let A,B be countable (in practice, A is IN or IN∪ {%}, B is
IN or {0, 1}). On B we consider the discrete topology and on BA we consider the
usual product topology for which the family of sets [u], u ∈ FA⇀B, constitutes a
basis of open sets. For a total functional BA → B or BA → BA, the following
conditions are equivalent.

(i) to be continuous.
(ii) to use finite information.
(iii) to use deterministic finite information.



3 Uniformly bounded information

3.1 From finite to uniformly bounded information

Definition 3.1. Let Φ : BA → B be a total functional, k ∈ IN.
1. A [deterministic] k-covering π of BA is a [deterministic] covering (cf. Defini-
tion 2.1) included in FA⇀B

k . A covering is uniformly bounded if it is a k-covering
for some k ∈ IN.
2. A (Φ, k)-family [(Φ, bounded)-family] is a Φ-family which is a k-covering [uni-
formly bounded covering]. Φ uses [deterministic] k-bounded information if there
exists a [deterministic] (Φ, k)-family. Φ uses [deterministic] uniformly bounded
information if it uses [deterministic] uniformly bounded information.

Example 3.2. A trivial example of a deterministic k-covering of ININ is that of all
functions having some fixed domain {s1, . . . , sk} with k elements. A less trivial
example, with k = 2, is the family of all functions u with graph of the form
{(a, y), (θ(y), z))} (in other words, Domain(u) = {a, θ(u(a))}) where a ∈ IN and
θ : IN → IN are fixed but y, z vary in IN.

The analog of equivalence (ii)⇔(iii) of Proposition 2.3 fails with respect to
bounded information. The next result shows that, in general, the existence of a
(Φ, k)-family does not imply that of a deterministic (Φ, k)-family. A quadratic
blow-up is unavoidable (it is also sufficient, cf. Theorem 3.7).

Proposition 3.3. There exists a total functional Φ : ININ → {0, 1} which uses
k-bounded information and deterministic k2-bounded information but cannot use
only deterministic (k2 − 1)-bounded information.

Proof. Let Φ(f) = 0 if f is 0 on some block ik, . . . , ik + k − 1 and 1 otherwise.

3.2 Constructors

The next Definition and Lemma extend the idea of Example 3.2 to get simply
definable deterministic bounded coverings of BA.

Definition 3.4. 1, A constructor is a tuple

Θ = (s1, . . . , s!0 , θ(1)1 , . . . , θ(1)!1
, . . . , θ(p)1 , . . . , θ(p)!p

, ω)

where, letting λ(i) =
∑m=i−1

m=0 "m for i = 1, . . . , p, and λ =
∑

i=1,...,p λ(i),

(i) p, "0, "1, . . . , "p ∈ IN and "i = 0 ⇒ "i+1 = 0 for i = 0, . . . , p− 1,
(ii) the sj’s are elements of A (the seeds of the constructor),

(iii) the θ(i)j ’s are total functions θ(i)j : Bλ(i) → A.

(iv) ω is a total function ω : Bλ → B.



2. To Θ we associate partial functionals, α(i)
j : (A ⇀B ) ⇀ A , β(i)

j : (A ⇀
B) ⇀ B , ΩΘ : (A ⇀B ) ⇀ B, for 0 ≤ i ≤ p and 1 ≤ j ≤ "i, inductively defined
as follows: for j ∈ {1, . . . , "i}, ξ ∈ FA⇀B,

α(0)
j (ξ) = sj β(i)

j (ξ) = ξ(α(0)
j (ξ))) for i = 0, . . . , p

α(i)
j (ξ) = θ(i)j

(
(β(i′)

j′ (ξ))i′=0,...,i−1
j′=1,...,!i′

)
for i = 1, . . . , p

ΩΘ(ξ) = ω

(
(β(i)

j (ξ)) i=0,...,p
j=1,...,!i

)

3. u ∈ FA⇀B is Θ-good if ΩΘ is defined, i.e. if all α(i)
j (u)’s are defined and

Domain(u) contains sΘ(u) =
⋃

i=0,...,p{α
(i)
j (ξ) | 1 ≤ j ≤ "i} .

The following result is straightforward.

Proposition 3.5. Let Θ be a constructor as in Definition 3.4. A partial function
u is minimal among Θ-good functions relative to function extension if and only
if Domain(u) = sΘ(u).

Lemma 3.6. The family πΘ of minimal Θ-good functions is a deterministic
(
∑m=p

m=0 "m)-covering.

3.3 Main theorem on uniformly bounded information

We can now prove that Proposition 3.3 is optimal: a quadratic blow-up is suffi-
cient for determinization. This is the first main theorem of the paper.

Main Theorem 3.7. If the total functional Φ : BA → B uses k-bounded in-
formation then it uses deterministic k2-bounded information and there exists a
constructor Θ as in Definition 3.4 such that Φ = ΩΘ !BA and πΘ is a deter-
ministic (Φ, k2)-family and

(a) if k = 0 then Θ is reduced to (ω) and πΘ is the singleton family consisting
of the function with empty domain,

(b) if k ≥ 1 then p = k − 1 and "i = 2(k − i)− 1 for i = 0, . . . , p.

As immediate corollaries, we get.

Main Corollary 3.8. The following conditions are equivalent.

1. Φ uses uniformly bounded information.
2. Φ uses deterministic uniformly bounded information.
3. There exists a constructor Θ as in Definition 3.4 such that Φ = ΩΘ !BA.

Main Corollary 3.9. If a total functional Φ : BA → B uses k-bounded infor-
mation then there exists a total functional Ψ : BA → FA⇀B

k2 such that,

(a) For all f ∈ BA, Ψ and Φ are constant on [Ψ(f)]) and f ∈ [Ψ(f)]. Thus, the
range of Ψ is a deterministic uniformly bounded Ψ -family and Φ-family.

(b) Ψ is uniformly continuous.

Proof. Set Ψ(f) = f !sΘ(f) = f !⋃i=0,...,p{α
(i)
j (f) | 1 ≤ j ≤ "i} where the α(i)

j ’s
are constructed as in Definition 3.4. !



3.4 Proof of Theorem 3.7

It is easy to see that the proof given for Proposition 3.3 does not preserve bound-
edness, a different argument is required to prove Theorem 3.7. We shall argue
by induction on k ≥ 1, the case k = 0 being special and trivial.

First, we introduce convenient notation and prove some auxiliary results.

Definition 3.10. Suppose Φ : BA → B is a total functional. We let XΦ [XΦ,k]
be the family of partial functions u : IN ⇀ IN such that Φ is constant on [u] and
Domain(u) is finite [has at most k elements]. We let ϕΦ : XΦ → IN be such that,
for u ∈ XΦ, ϕΦ(u) is the common value of all Φ(f)’s for f ∈ [u].

Proposition 3.11. If Φ uses k-bounded information (k ≥ 1) then XΦ,k is infi-
nite.

Proposition 3.12. If u, v ∈ XΦ agree on Domain(u)∩Domain(v) (in particular,
if v extends u or if they have disjoint domains) then ϕΦ(u) = ϕΦ(v).

Proof. Consider f ∈ ININ which extends both u and v. Then Φ(f) = ϕΦ(u) and
Φ(f) = ϕΦ(u) hence ϕΦ(u) = ϕΦ(v). !

The following result will be used for effectivization to prove Lemma 5.3.

Proposition 3.13. Suppose Φ uses k-bounded information, u1, . . . , uk+1 in XΦ,k,
D ⊂ A, v ∈ BD are such that D = Domain(ui) ∩ Domain(uj) for all i < j and
ui !D = v for all i’s. Then Φ is constant on [v].

Proof. Applying Proposition 3.12, we see that ϕΦ(u1) = . . . = ϕΦ(uk+1). Let
f ∈ [v]. Then f ∈ [u] for some u ∈ XΦ,k. Since Domain(u) has at most k elements
there exists i such that Domain(u)∩Domain(ui) ⊆ D. Since u, ui agree with v on
D, Proposition 3.12 insures ϕΦ(u) = ϕΦ(ui) = ϕΦ(u1). Thus, Φ(f) = ϕΦ(u1), so
Φ is constant on [v].

The next Proposition gives the case k = 1 of Theorem 3.7.

Proposition 3.14. If Φ : BA → B is a total functional using 1-bounded in-
formation then for every s ∈

⋃
u∈XΦ,1

Domain(u), the functional Φ is constant

on [u] for every u with domain {s} (in other words, letting Θ = (s), πΘ is a
(Φ, 1)-family).

Proposition 3.15. Let Φ : BA → B be a k-bounded total functional. If Φ is
not constant then there exists a set S with at most 2k− 1 elements such that the
domain of every partial function u ∈ XΦ meets S.

Definition 3.16. Suppose Φ : BA → B is a total functional and S ⊂ A is
finite and w ∈ BS. We let Φ(w) : BA → B be the total functional such that
Φ(w)(f) = Φ(f ⊕ w) for every f ∈ BA.

Proposition 3.17. Let Φ : BA → B be a total functional using k-bounded
information. Suppose that there is a non empty set S such that the domain of
every function u ∈ XΦ,k meets S. Then, for every function w ∈ INS, the total
functional Φ(w) : BA → B is (k − 1)-bounded.



Proposition 3.18. Let S be a finite non empty subset of A and , for every
w ∈ BS, let Φ(w) : BA → B be a total functional and

Θ(w) = (s(w)
1 , . . . , s(w)

!(w)
0

, θ(w,1)
1 , . . . , θ(w,1)

!(w)
1

, . . . , θ(w,pw)
1 , . . . , θ(w,pw)

!(w)
pw

, ω(w))

be a constructor as in Definition 3.4 such that Φ(w) is constant on [u] for every
Θw- good partial function u. Let Φ : BA → B be the unique total functional such
that, for every f ∈ BA, Φ(f) = Φ(f!S)(f). Suppose that there exists some K ∈ IN

which majorizes all p(w)’s and "(w)
i ’s, for w ∈ BS and 0 ≤ i ≤ "p(w) . Then

there exists a constructor Θ = (s1, . . . , s!0 , θ
(1)
1 , . . . , θ(1)!1

, . . . , θ(p)1 , . . . , θ(p)!p
, ω) as

in Definition 3.4 such that Φ = ΩΘ !BA and

(i) {s1, . . . , s!0} = S,

(ii) p = 1 +max{pw | w ∈ BS}, "i = max{"(w)
i−1 | pw ≥ i− 1} for i = 1, . . . , p.

(iii) Φ is constant on [u] for every Θ-good partial function u : A ⇀B .

Proof. Let p, the sj ’s and "i’s be as given by clause (ii). First, we define the total

functions θ(i)j ’s, i = 1, . . . , p. Given
∑i=p−1

i=0 "i elements b(i)! of IN, for i = 1, . . . , p,

we get a tuple which can be an input for the θ(i)j ’s:

D(i) = (b(0)1 , . . . , b(0)!0
, . . . , b(i−1)

1 , . . . , b(i−1)
!i−1

)

For w ∈ BS and 1 ≤ i ≤ pw, we consider the tuple obtained from D(i) by

removing the first blocks of b’s and trimming blocks of length "i to length "(w)
i−1,

so as to get a tuple which can be an input for the θ(w,i−1)
j ’s:

E(w,i−1) = (b(1)1 , . . . , b(1)
!(w)
0

, . . . , b(i−1)
1 , . . . , b(i−1)

!(w)
i−1

)

We are now ready to define the θ(i)j ’s. Let w ∈ BS be such that w(s1) = b(0)1 ,. . . ,

w(s!0) = b(0)!0
. Then, for i = 1, . . . , p and 1 ≤ j ≤ "i, we set

(∗) θ(i)j (D(i)) =






s(w)
j if i = 1, j ≤ "(w)

0

θ(w,i−1)
j (E(i−1))) if 1 ≤ i− 1 ≤ pw, j ≤ "(w)

i−1

b(0)1 if i− 1 > pw or j > "(w)
i−1

.

Now that the θ(i)j ’s are defined, let us prove that Φ is constant on [u] for every
u ∈ πΘ. Let f, g ∈ [u], we have to prove that Φ(f) = Φ(g). Since the seeds of Θ
are S = {s1, . . . , s!0}, the domain of u contains S. Let w be the restriction of u to
S. The hypothesis of the Proposition insures that Φ and Φ(w) coincide on [w]. In
particular, they coincide on [u] hence Φ(f) = Φ(w)(f) and Φ(g) = Φ(w)(g). Since

u ∈ πΘ, the α(i)
j (u)’s for i = 0, . . . , p and 1 ≤ j ≤ "i, are all defined and belong

to Domain(u). Now, arguing with Φ(w) and the αw,i)
j ’s, we show, by induction on



i = 0, . . . , pw that α(w,i)
j (u) = α(i+1)

j (u) for all j = 1, . . . , "(w)
i .

Initial case i = 0. Using the definitions of α(w,0)
j (u) and θ(w)

1 , we get

α(w,0)
j (u) = s(w)

j = θ(1)j (D(1)) = θ(1)j (b(0)1 , . . . , b(0)!0
)

= θ(1)j (w(s1), . . . , w(s!0))

= α(1)
j (w) = α(1)

j (u) since u extends w.

Inductive step: from 0 ≤ i− 1 < pw to i. We have

α(w,i)
j (u) = θ(w,i)

j

(
β(w,0)
1 (u), . . . , β(w,0)

!(w)
0

(u), . . . , β(w,i−1)
1 (u), . . . , β(w,i−1)

!(w)
i−1

(u)

)

By induction hypothesis, for i′ < i, α(w,i′)
j (u) = α(i′+1)

j (u). Hence β(w,i′)
j (u) =

u(α(w,i′)
j (u)) = u(α(i′+1)

j (u)) = β(i′+1)
j (u). These equalities and (*) supra yield

α(w,i)
j (u) = θ(w,i)

j

(
β(1)
1 (u), . . . , β(1)

!(w)
0

(u), . . . , β(i)
1 (u), . . . , β(i)

!(w)
i−1

(u)

)

= θ(i)j

(
β(0)
1 (u), . . . , β(0)

!0
(u), . . . , β(i)

1 (u), . . . , β(i)
!i

(u)
)
= α(i+1)

j (u)

Finally, for b1, . . . , bλ ∈ B, let w = ((s1, b1), . . . , (sk, bk)) and set ω(b1, . . . , bλ) =
ω(w)(b1, . . . , bλ(pw)). !

Finally, we can complete the wanted proof.
Proof of Theorem 3.7.
• Case k = 0. Then the function with empty graph ∅ is in XΦ and the empty
constructor Θ = () is such that πΘ = {∅} and satisfies the wanted conclusion.
For k ≥ 1, we argue by induction on k.
• Initial step of the induction: k = 1. Apply Proposition 3.14.
• Inductive step: going from k − 1 to k (with k ≥ 2). If Φ is constant then the
conclusion of the theorem is obviously true. Suppose Φ is not constant and let
S be as in Proposition 3.15: S has at most 2k − 1 elements and the domain
of every u ∈ XΦ,k meets S. By Proposition 3.17, Φ(w) is (k − 1)-bounded for
every w ∈ BS . The induction hypothesis yields a constructor Θ(w) such that
Φ(w) = ΩΘ(w) ! BA and pw = max(0, (k − 1) − 1) = k − 2 (recall k ≥ 2)

and "(w)
i = 2((k − 1) − i) − 1 for i = 0, . . . , pw. Now, Φ and Φ(w) coincide on

[w] by definition of Φ(w). Applying Proposition 3.18, we get a constructor Θ
such that Φ = ΩΘ ! BA. Finally, p = 1 + max{pw | w ∈ BS} = k − 1 and

"i = max{"(w)
i−1 | w ∈ BS} = 2(k − 1 − (i − 1)) − 1 = 2(k − i) − 1. Lastly,

K =
∑i=k−1

i=0 "i =
∑i=k−1

i=0 2(k − i) − 1 = k2 and so πΘ is a deterministic Φ-
family which is k2-bounded. !

4 Topology and bounded information

For the notion of uniformity on a space and the related classical results, we refer
to Kelley’s classical textbook [9].



4.1 The bounded uniformity on Baire like spaces

Proposition 4.1. To any deterministic bounded covering π of BA, associate

Uπ = {(f, g) ∈ BA ×BA | f, g extend the same function of π}
=

⋃
u∈π[u]× [u] (cf. Notation 1.2)

1. The family B of all Uπ’s is the basis of a transitive uniformity on BA. We
call it the bounded information uniformity.
2. The product topology (of the discrete topology on B) is associated to the
bounded information uniformity.

The bounded information uniformity is the right topological tool to characterize
functionals using bounded information.

Theorem 4.2. Endow B with the discrete uniformity and BA with the bounded
information uniformity. A total functional Φ : BA → B is uniformly continuous
if and only if it uses uniformly bounded information.

4.2 Curryfication and linear uniform continuity

Definition 4.3. Endow BA with the bounded information uniformity. We say
that a total functional Ψ : BA → BA is linearly uniformly continuous if

∃k ∀" ∈ IN ∀ "-bounded covering π ∃ k"-bounded covering π′

∀f, g ∈ ININ ((f, g) ∈ Uπ′ ⇒ (Ψ(f), Ψ(g)) ∈ Uπ)

Proposition 4.4. Let Ψ : BA → BA be a total functional. Endow B with the
discrete uniformity and BA and NA∪{"} with the bounded information ones.
1. If Ψ is linearly uniformly continuous then it is uniformly continuous.
2. Ψ is linearly uniformly continuous if and only if ∂Ψ : BA∪{"} → B is uni-
formly continuous (cf. Definition 1.3).

5 Effective uniformly bounded information

The effectivization of uniform continuity is the expected one.

Definition 5.1. A computable total functional Φ : BA → B is effectively uni-
formly continuous relative to the bounded uniformity on BA if the inverse image
of the diagonal of B × B contains a computable uniformly bounded covering of
BA (in other words, if there exists a computable (Φ, k)-family for some k ∈ IN).

The proof of Theorem 3.7 uses a dichotomy: Φ is constant or not. This dichotomy
is used recursively with the Φ(w)’s. Alas, to decide whether Φ(w) is constant or
not requires either the halting problem as oracle or the extra hypothesis that

XΦ,k is computable. The oracle leads to non computable functions θ(i)j ’s in the
constructorΘ! The extra hypothesis fails in general for ASM functionals, the ones

we want to characterize! To get computable functions θ(i)j ’s, we give a different
proof using Ramsey’s theorem. The price is a super-exponential blow-up of k.



Theorem 5.2 (Ramsey’s theorem). Let c ≥ 2. There exists a primitive re-
cursive function R : INc → IN such that, for every coloring γ of the unordered
pairs of {1, . . . , R(n1, . . . , nc)} into c colors 1, . . . , c, there exist a color i and a
subset Xγ with ni elements such that all pairs in Xγ have color i.

The following Lemma is the key of the proof of Theorem 5.4.

Lemma 5.3. Let Φ : BA → B be a total functional using k-bounded informa-
tion. Let (vi)i=1,...,L, (wi)i=0,...,L be sequences in FA⇀B

k such that, for all i,

1. vi ∈ XΦ,k and Domain(wi) = Domain(vi),
2. if i < j then wi and vj agree on the common part of their domains,
3. w0, . . . , wL pairwise agree on the common part of their domains.

Suppose L ≥ R(n0, . . . , nk), the Ramsey number where nc = 1 +
(k
c

)
(k + 1) for

c = 0, . . . , k−1 and nk = 2. Then Φ is constant on [w] where w = w0⊕ . . .⊕wL.

Proof. For 1 ≤ i < j ≤ L let γ(i, j) be the number of elements in Domain(vi) ∩
Domain(vj). This function γ is a coloring of {1, . . . , L} into k+1 colors 0, . . . , k.
Since the v!’s have ≤ k elements in their domains, γ is a coloring of pairs in
{1, . . . , L} into k+1 colors 0, . . . , k. The hypothesis on L and Ramsey’s theorem
5.2 insure the existence of a color c and a subset X of {1, . . . , L} having nc

elements (cf. formula (*) supra) on which all pairs have color c. We argue on c.
• Case c = k. Since nk = 2 there are i < j such that Domain(vi) = Domain(vj).
Now, by definition, since i < j, vj and wi agree on the common part of their
domains. Since Domain(wi) = Domain(vi) we have wi = vi. Since vi ∈ XΦ, we
see that Φ is constant on [wi] hence is constant on [w].
• Case 0 ≤ c < k. The vi’s, i ∈ X, are functions in Φ, k such that the domains
of any pair of these functions have an intersection with exactly c points. Let "
be the least element of X. For each subset D of Domain(v!) with c elements,
let XD = {i ∈ X \ {"} | Domain(u!) ∩ Domain(ui) = D}. The XD’s form a
partition of X. Since nc = 1+

(k
c

)
(k + 1) there are (k + 1)

(k
c

)
points in X \ {"}.

Since there are
(k
c

)
possible subsets D, we see that there is a particular subset

D such that XD has at least k + 1 elements. In particular, if i, j ∈ XD, i < j,
then Domain(vi) ∩ Domain(vj) = D. Now, all vi’s, i ∈ XD agree with w! hence
vi !D = w! !D. Proposition 3.13 insures that Φ is constant on w! !D. A fortiori,
Φ is constant on [w].

Main Theorem 5.4. There exists a primitive recursive total function L : IN →
IN having the following property. Suppose Φ is a computable total functional
BA → B and π is a computable (Φ, k)-family for some k ∈ IN. Then there exist

elements s1, . . . , sk in A, computable total functions θ(i)j : Bik → A, with i =

1, . . . , L(k), j = 1, . . . , k, and a computable total function ω : B(1+L(k))k → B
such that Φ = ΩΘ ! BA and πΘ is a (Φ, k(1 + L(k)))-family, where Θ is the

constructor Θ =
(
s1, . . . , sk, θ

(1)
1 , . . . , θ(1)k , . . . , θ(L(k))

1 , . . . , θ(L(k))
k , ω

)
.

2. The above result is uniform in Φ, π : if Φ and π depend computably on a

parameter m ∈ IN then ω and the si’s, θ
(i)
j ’s are uniformly computable in m.



Proof. Let (ui)i∈IN be a computable enumeration of π. Let L(k) be the Ramsey
number L of Lemma 5.3. We fix some computable total ordering on A and

define by induction on i ≥ 1 the sj ’s and θ(i)j ’s, together with ρi : Bik → IN.

Let b = (b1, . . . , bk(L(k)+1) ∈ Bk(L(k)+1). Let us denote by b|ik the sequence

(b1, . . . , bik) ∈ Bik. We define inductively the θ(i)j (b|ik).

1. Choose s1, . . . , sk (non necessarily distinct) such that {s1, . . . , sk} = Domain(u0).
2. Let ρ1(b|k) be the least integer " such that u! and (sk, bk) ⊕ . . . ⊕ (s1, b1)

agree on the common part of their domains (recall Definition 1.1 and observe

the inversion done in the sequence) and let θ(1)1 (b|k), . . . , θ(1)k (b|k) (non nec-

essarily distinct) be such that {θ(1)1 (b|k), . . . , θ(1)k (b|k)} = Domain(uρ1(b|k)).

3. Suppose the θ(i
′)

j (b|i′k)’s, and the ρ!b|i′k ’s have been defined for i′ < i.

Let us write si′k+j = θ(i
′)

j (b|i′k). Let ρi(b|ki) be the least integer " such
that u! and (sik, bik)⊕ . . .⊕ (s1, b1) agree on the common part of their do-

mains and let θ(i)1 (b|ik), . . . , θ(i)k (b|ik) (non necessarily distinct) be such that

{θ(i)1 (b|ik), . . . , θ(i)k (b|ik)} = Domain(uρi(b|ik)).

Let vi = uρi(b|ik) and wi = ((sik+k, bik+k)⊕ . . .⊕ (s1, b1)) ! Domain(vi). Then
all conditions of Lemma 5.3 are satisfied: Domain(vi) = Domain(wi), the wi’s
pairwise agree (due to the inversion in the ⊕ sum) and wi agrees with vj for
i < j by definition of ρj(b|jk). Thus, Φ is constant on wkL(k) ⊕ . . . . . . w0. Since

Domain(wK) is the set of the θi)j (b|ik)’s, we see that Φ is constant on all u ∈ πΘ.
Finally, we show that the values of Φ are given by some computable ω. Define
ω as follows. Let ζ : A → B be any constant function. For b ∈ Bk(L(k)+1), let
u = wkL(k) ⊕ . . . . . .⊕ w0 be as above and let fb = ζ ⊕ u and set ω(b) = Φ(fb).
By the above analysis, we know that Φ is constant on [u]. Since fb ∈ [u], this
constant value is given by ω(b). To conclude, recall that Φ is computable and
observe that fb is a computable function, uniformly in b, hence θ is computable.

Corollaries 3.8 and 3.9 have effective versions.

Corollary 5.5. Suppose Φ : BA → B is a computable total functional. The
following conditions are equivalent.

1. Φ is effectively uniformly continuous.
2. Φ admits a computable uniformly bounded Φ-family.
3. Φ admits a computable deterministic uniformly bounded Φ-family.
4. Φ = ΩΘ !BA for some computable constructor Θ as in Definition 3.4.

Corollary 5.6. If a total functional Φ : BA → B is computable and effectively
uniformly continuous then there exists a computable total functional Ψ : BA →
FA⇀B such that,

(a) Ψ is computable and effectively uniformly continuous.
(b) The range of Ψ is a computable deterministic uniformly bounded Ψ -family

and Φ-family, i.e. for all f ∈ BA, Ψ and Φ are constant on [Ψ(f)].
(c) For all f ∈ BA, f ∈ [Ψ(f)].



6 Characterization of ASM functionals

Proposition 6.1. Let T =
∏

i=1,...,n B
Ai
i be a product of function spaces where

the Ai, Bi’s are countable. Let A,B be the disjoint sums of the Ai’s and the
Bi’s respectively, so that BA is a (proper) subset of T . Let Φ : T → C a total
functional which uses k-bounded information. Then there exists a total functional
Φ̃ : BA → C which also uses (k + 1)-bounded information and is such that
Φ = Φ̃ !T . Moreover, if Φ is computable and admits a computable (Φ, k)-family
then Φ̃ is computable and admits a computable (Φ̃, k)-family.

Main Theorem 6.2. Let T =
∏

i=1,...,n B
Ai
i be a product of function spaces

where the Ai, Bi’s are countable. Let Ψ : T → T be a total functional. The
following conditions are equivalent.

1. Ψ uses uniformly bounded information.
2. There exists an ASM on the sorts occurring in T (with a suitable static

framework) such that Ψ is exactly the functional associated to this ASM.

Moreover, if Ψ is computable and effectively linearly uniformly computable (i.e.
there is some computable uniformly bounded ∂Ψ -family) then the static frame-
work of the ASM consists of computable functions.

Proof. Use Theorems 3.7, 4.2, 5.4 to ∂̃Ψ .
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1 Introduction

1.1 Roadmap

We consider deterministic sequential algorithms working with countable data
structures. Here sequential means discrete time plus uniformly bounded
action (as opposed to “wild” parallel action). This a priori quite informal
notion of algorithm has been convincingly modelized around 1984 by Yuri
Gurevich with Abstract State Machines (aka Evolving Algebras), see [8, 9,
10, 11, 12, 13]. A (deterministic) ASM consists of the following data.

• A multisort logical functional structure M = (M1, . . . ,Mn; f1, . . . , fp)
on a so-called static functional vocabulary (f1, . . . , fp). This static
vocabulary is typed: types are of the form Mj or Mj1×. . .×Mjq → Mr.
The interpretations fi’s respect the types of thefi’s.

• A so-called dynamic functional vocabulary which is similarly typed.
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• An ASM program consisting of assignments f(t1, . . . , t!) := u where f is
a dynamic symbol and the ti’s and u are ground terms constructed with
both vocabularies, conditionals and finite blocks of such instructions.

A state of an ASM is an interpretation of the dynamic vocabulary. A run
of an ASM is a sequence of states obtained from the first one (the “initial”
state) by iterated application of the ASM program. Thus,

• The base set of the structure and the interpretations of the static sym-
bols are fixed. They represent the framework of the algorithm and the
primitive operations “given for free”, let them be computable or not.

• The interpretations of the dynamic symbols vary from state to state.
They represent the dynamic environment of the algorithm.

In this way, an algorithm appears as a static framework plus a functional
mapping the interpretations of the dynamic symbols in some state into the
interpretations in the next state (obtained by application of the ASM pro-
gram). This functional is of the form Ψ : T → T with

T =
∏

i∈I

(
(
∏

j∈Ji

Mj) → M!i

)

where I and the Ji’s are finite multisubsets of {1, . . . , n} (recall n is the
number of sorts of M), and the !i’s are in {1, . . . , n}.
Let k be the total number of occurrences of dynamic symbols in the terms
of the ASM program. Governed by the ASM program, the ASM functional
has the following properties:

(1)k It modifies its argument f = (f1, . . . , fq) on a set Xf of at most k points.

(2)k The points of Xf and the new values of f on them depend only on the
values of f on a set Yf of at most k points. In other words, the modulus
of continuity is k-bounded.

In this work, we show (Theorems 3.7, 6.2) that any functional Ψ satisfying
properties (1)k and (2)k is an ASM functional. More precisely, one can find
some ASM static framework on the multisort domain (M1, . . . ,Mn) such that
properties (1)k2 and (2)k2 hold in an ASM-like way: the k2 points of Xf and
the new values of f on them are given by ground terms built with f and the
ASM static framework, cf. Theorem 3.7, Corollaries 3.8, 3.9. This k "→ k2

blow-up cannot be improved (cf. Proposition 3.3).
This characterization can also be seen as a topological one using a particular
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transitive uniformity compatible with the usual product topology on function
spaces. Namely, ASM functionals Ψ : T → T are exactly those for which,
for some k, there exist 2k uniformly continuous functionals Ai, Bi : T → Mj

such that

Ψ(f)(x) =

{
Bi(f) if x = Ai(f) for some i = 1, . . . , k
f(x) otherwise

A variant topological characterization uses a notion of “linear” uniform con-
tinuity of Ψ.
All these results hold in an effective version (Theorems 5.4, 6.2) with func-
tionals associated to ASMs with computable static functions. However, the
blow-up k "→ k2 becomes a super-exponential blow-up since we have to use
a completely different proof involving Ramsey’s theorem about k-colorings.

As a perspective work (in progress), these results seem to also apply to
parallel algorithms, cf. Blass & Gurevich [1, 2].

1.2 Conventions and notations

Convention. The notation f : A → B is used for total functions from A to
B whereas u : A ⇀B is used for partial functions. In practice, we shall have
A = N or A = N ∪ {&} and B = N. We shall use letters Φ,Ψ as respective
names for functionals Φ : BA → B and Ψ : BA → BA.

Definition 1.1. 1. If ξ, η : A ⇀B are partial functions, we let ξ⊕η : A ⇀B
be the partial function such that Domain(ξ⊕η) = Domain(ξ)∪Domain(η), ξ⊕η
extends η and (ξ ⊕ η)(x) is equal to ξ(x) if x ∈ Domain(ξ) \ Domain(η).
2. We write (a, b) for the function with domain {a} which maps a onto b
and ((a1, b1), . . . , (an, bn)) in place of (a1, b1)⊕ . . .⊕ (an, bn).

Definition 1.2. 1. FA⇀B (resp. FA⇀B
k ) is the family of all partial functions

A ⇀ B with finitely many (resp. at most k) points in theirs domains. If
u ∈ FA⇀B, we let [u] be the set of total functions A → B which extend u.
If a1, . . . , an are distinct, we let ((a1, b1), . . . , (an, bn)) be the partial function
u ∈ FA⇀B

n with domain {a1, . . . , an} such that u(ai) = bi for i = 1, . . . , n.
2. We write F, Fk when A = B = N and F", F"

k when A = N∪{&}, B = N.

Definition 1.3 (Curryfication). 1. If Ψ : BA → BA is a total functional, we
denote by ∂Ψ the total functional ∂Ψ : (BA×A) → B such that (∂Ψ)(f, a) =
Ψ(f)(x) for all f ∈ BA and a ∈ A.
2. We identify A with {&} → A and BA × A with BA∪{"}, and ∂Ψ with a
total functional ∂Ψ : BA∪{"} → B.
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2 Continuity and finite information

First, we reformulate continuity of functionals in terms of how much infor-
mation is used to compute their values. The core of the paper is to replace
“finite” by “at most k”.

Definition 2.1. We use Definitions 1.2, 1.3.
1. A covering π of BA is a subfamily of FA⇀B such that BA =

⋃
u∈π[u]. A

covering π is deterministic if the [u]’s, u ∈ π, are pairwise disjoint, hence
form a partition of BA. 1. A covering π of BA is a subfamily of FA⇀B such
that BA =

⋃
u∈π[u]. A covering π is deterministic if the [u]’s, u ∈ π, are

pairwise disjoint, hence form a partition of BA.
2. Let Φ : BA → B be a total functional. A [deterministic] Φ-family is
a [deterministic] covering π such that Φ is constant on [u] for every u ∈
π. We say that Φ uses [deterministic] finite information if there exists a
[deterministic] Φ-family.
2. Let Ψ : BA → BA be a total functional. A [deterministic] Ψ-family
is a [deterministic] ∂Ψ-family. We say that Ψ uses [deterministic] finite
information if so does ∂Ψ.

Proposition 2.2. A total functional Ψ : BA → BA uses finite information
if and only if so does, for each a ∈ A, the BA → B functional f "→ Ψ(f)(a).

Using finite information is a mere reformulation of continuity.

Proposition 2.3. Let A be N or N ∪ {&} and B be a countable set with at
least two elements (in practice N or {0, 1}). On B we consider the discrete
topology and on BA we consider the usual product topology for which the
family of sets [u], u ∈ FA⇀N, constitutes a basis of open sets. For a total
functional BA → B or BA → BA, the following conditions are equivalent.

(i) to be continuous.

(ii) to use finite information.

(iii) to use deterministic finite information.

Proof. We treat the case Φ : NN → N. Implication (iii)⇒(ii) is obvious.
(i)⇔(ii). Φ is continuous if and only if, for every f ∈ NN, there exists an
open set hence also some u ∈ F such that f ∈ [u] and Φ is constant on [u].
(ii)⇒(iii). In Definition 2.1 one can require that the domain of each u ∈ π is
an initial finite segment of N : if not, replace u by all its possible extensions to
{0, . . . ,max(Domain(u))}. A deterministic Φ-family is the family of functions
u ∈ F with domain an initial segment of N such that Φ is constant on [u]
and which are minimal with respect to function extension.
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3 Uniformly bounded information

3.1 From finite to uniformly bounded information

Definition 3.1. Let Φ : BA → B be a total functional.
1. Let k ∈ N. A [deterministic] k-covering π of BA is a [deterministic] cov-
ering (cf. Definition 2.1) included in FA⇀B

k . A covering is uniformly bounded
if it is a k-covering for some k ∈ N.
2. A (Φ, k)-family [(Φ, bounded)-family] is a Φ-family which is a k-covering
[uniformly bounded covering]. We say that Φ uses [deterministic] k-bounded
information if there exists a [deterministic] (Φ, k)-family. Φ uses [deter-
ministic] uniformly bounded information if it uses [deterministic] uniformly
bounded information.

Example 3.2. A trivial example of a deterministic k-covering of NN is that of
all functions having some fixed domain {s1, . . . , sk} with k elements. A less
trivial example, with k = 2, is the family of all functions u with graph of
the form {(a, y), (θ(y), z))} (in other words, Domain(u) = {a, θ(u(a))}) where
a ∈ N and θ : N → N are fixed but y, z vary in N.

The analog of equivalence (ii)⇔(iii) of Proposition 2.3 fails with respect to
bounded information. The next result shows that, in general, the existence
of a (Φ, k)-family does not imply that of a deterministic (Φ, k)-family. A
quadratic blow-up is unavoidable (it is also is sufficient, cf. Theorem 3.7).

Proposition 3.3. There exists a total functional Φ : NN → {0, 1} which uses
k-bounded information and deterministic k2-bounded information but cannot
use only deterministic (k2 − 1)-bounded information.

Proof. We write n = {0, . . . , n− 1}. Let

Φ(f) =






0 if f(ik) = f(ik + 1) = . . . = f(ik + (k − 1)) = 0
for some i ∈ {0, . . . , k − 1}

1 otherwise

To see that Φ uses k-bounded information, observe that

Φ−1(0) =
⋃

0≤i<k

[(ik, 0), (ik + 1, 0), . . . , (ik + (k − 1), 0)]

Φ−1(1) =
⋃

0≤j0,...,jk−1<k

a0,...,ak−1 &=0

[(j0, a0), (k + j1, a1), . . . , ((k − 1)k + jk−1, ak−1)]

Since Φ(f) depends only on the values of f on k2, there is an obvious de-
terministic (Φ, k2)-family, namely Nk2

(i.e. all functions with domain k2).
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We now show that there is no deterministic (Φ, k2 − 1)-family π. Suppose,
by way of contradiction, that there is such a π. The idea of the proof is to
go from π to a “finitary” family π′′ of partial functions k2 ⇀ {0, 1} having
domains with exactly k2 − 1 points and then use a counting argument to get

a contradiction. For a partial function u : k2 ⇀ {0, 1}, let [̃u] be the set
of total functions k2 → {0, 1} which extend u. For u ∈ π, let uk2 be the
restriction of u to Domain(u)∩ k2. We face a problem: [u]∩ [v] = ∅ does not

imply [̃uk2 ] ∩ [̃vk2 ] = ∅. This is why we consider

A = {f ∈ {0, 1}N | f(x) = 0 for all x ≥ k2} , πA = {u ∈ π | [u] meets A} .

Clearly, A =
⋃

u∈πA
[u]∩A and every u ∈ πA takes values in {0, 1} and takes

value 0 on {x ∈ Domain(u) | x ≥ k2}. In particular, the [̃uk2 ]’s, u ∈ πA, are
pairwise disjoint and their union is {0, 1}k2

. Also, the domain of each uk2

has at most k2 − 1 points. Lastly, since Φ is constant on [u], for u ∈ π, and
Φ(f) does depend on the sole values of f on k2, Φ is also constant on [uk2 ].
For ε = 0, 1, let Fε = {f ! k2 | f ∈ Φ−1(ε)}. Then Fε is a union of some

[̃uk2 ]’s, u ∈ πA. Thus, π′ = {uk2 | u ∈ πA} is a family of partial functions
v : k2 ⇀ {0, 1} defined on at most k2 − 1 points such that F0 and F1 are

disjoint unions of some [̃v]’s. For each v ∈ π′, choose a set S with k2 − 1
points such that Domain(v) ⊆ S ⊂ k2 and replace v by all its extensions to
S. In this way, we get a family π′′ such that F0 and F1 are disjoint unions

of some [̃w]’s with w ∈ π′′. To conclude, let us do some counting. A total
function α : k2 → {0, 1} is in F1 if and only if, for every i = 0, . . . , k − 1,
α ! {ik, ik + 1, . . . , ik + (k − 1)} is not the constant function with value 0.
Thus, the cardinality of F1 is (2k − 1)k and that of F2 is 2k

2 − (2k − 1)k.

Observe that these numbers are odd. However, each [̃v], for v ∈ π′′, contains
exactly 2 elements because there is only one point in k2 \ Domain(v). Thus,
as a disjoint union of some [̃v]’s with v ∈ π′′, both F0, F1 contain an even
number of elements. Contradiction!

3.2 Constructors

The next Definition and Lemma extend the idea of Example 3.2 to get simply
definable deterministic bounded coverings of BA.

Definition 3.4. 1, A constructor is a tuple

Θ = (s1, . . . , s!0 , θ(1)1 , . . . , θ(1)!1
, . . . , θ(p)1 , . . . , θ(p)!p

, ω)

where, letting λ(i) =
∑m=i−1

m=0 !m for i = 1, . . . , p, and λ =
∑

i=1,...,p λ(i),
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(i) p, !0, !1, . . . , !p ∈ N and !i = 0 ⇒ !i+1 = 0 for i = 0, . . . , p− 1,

(ii) the sj’s are elements of A (the seeds of the constructor),

(iii) the θ(i)j ’s are total functions θ(i)j : Bλ(i) → A.

(iv) ω is a total function ω : Bλ → B.

2. To Θ we associate partial functionals, for 0 ≤ i ≤ p and 1 ≤ j ≤ !i,

α(i)
j : (A ⇀B ) ⇀ A β(i)

j : (A ⇀B ) ⇀ B ΩΘ : (A ⇀ B) ⇀ B

inductively defined as follows: for j ∈ {1, . . . , !i}, ξ ∈ FA⇀B,

α(0)
j (ξ) = sj β(i)

j (ξ) = ξ(α(0)
j (ξ))) for i = 0, . . . , p

α(i)
j (ξ) = θ(i)j

(
(β(i′)

j′ (ξ))i′=0,...,i−1
j′=1,...,!i′

)
for i = 1, . . . , p

ΩΘ(ξ) = ω

(
(β(i)

j (ξ)) i=0,...,p
j=1,...,!i

)

3. u ∈ FA⇀B is Θ-good if ΩΘ is defined, i.e. if all α(i)
j (u)’s are defined and

Domain(u) contains sΘ(u) =
⋃

i=0,...,p{α
(i)
j (ξ) | 1 ≤ j ≤ !i} .

The following result is straightforward.

Proposition 3.5. Let Θ be a constructor as in Definition 3.4. A partial
function u is minimal among Θ-good functions relative to function extension
if and only if Domain(u) = sΘ(u).

Lemma 3.6. The family πΘ of minimal Θ-good functions is a deterministic
(
∑m=p

m=0 !m)-covering.

Proof. Clearly, the domain of every u ∈ πΘ has at most
∑m=p

m=0 !m elements.
To see that πΘ is a covering, observe that every f ∈ BA extends s(f). To
see that πΘ is deterministic, we show that any two distinct Θ-good func-
tions u, v are necessarily incompatible. In case there exists (i, j) such that

α(i)
j (u) 2= α(i)

j (v), consider the minimum such i. Since α(0)
j (u) = α(0)

j (v) = sj,

we have i ≥ 1. Now, α(i)
j (u) is obtained as θ(i)j applied to the α(i′)

j′ (u)’s

and the β(i′)
j′ (u)’s with 0 ≤ i′ < i and 1 ≤ j′ ≤ !i′ . Idem with α(i)

j (v).

Inequality α(i)
j (u) 2= α(i)

j (v) insures an inequality between some correspond-

ing arguments in θ(i)j when computing with u and v. Since i is miminum,

for i′ < i and 1 ≤ j′ ≤ !i′ , we have α(i′)
j′ (u) = α(i′)

j′ (v) so that the cor-

responding arguments have to be β(i′)
j′ (u) and β(i′)

j′ (v) for some i′, j′. Now,

α(i′)
j′ (u) = α(i′)

j′ (v) and β(i′)
j′ (u) = u(α(i′)

j′ (u)) and β(i′)
j′ (v) = v(α(i′)

j′ (v)), so that
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inequality β(i′)
j′ (u) 2= β(i′)

j′ (v) proves that u and v are incompatible. Finally,

in case α(i)
j (u) = α(i)

j (v) for all i, j’s then u, v have the same domain and the
condition u 2= v requires that they are incompatible.

3.3 Main theorem on uniformly bounded information

We can now prove that Proposition 3.3 is optimal: a quadratic blow-up is
sufficient for determinization. This is the first main theorem of the paper.

Main Theorem 3.7. If the total functional Φ : BA → B uses k-bounded
information then it uses deterministic k2-bounded information and there ex-
ists a constructor Θ as in Definition 3.4 such that Φ = ΩΘ !BA and πΘ is a
deterministic (Φ, k2)-family and

(a) if k = 0 then Θ is reduced to (ω) and πΘ is the singleton family con-
sisting of the function with empty domain,

(b) if k ≥ 1 then p = k − 1 and !i = 2(k − i)− 1 for i = 0, . . . , p.

As immediate corollaries, we get.

Main Corollary 3.8. Suppose Φ : BA → B is a total functional. The
following conditions are equivalent.

(1) Φ uses uniformly bounded information.

(2) Φ uses deterministic uniformly bounded information.

(3) There exists a constructor Θ as in Definition 3.4 such that Φ = ΩΘ !
BA.

Proof. The sole non trivial implication is (1) ⇒ (3) which is Theorem 3.7.

Main Corollary 3.9. If a total functional Φ : BA → B uses k-bounded
information then there exists a total functional Ψ : BA → FA⇀B

k2 such that,

(a) For all f ∈ BA, Ψ and Φ are constant on [Ψ(f)]) and f ∈ [Ψ(f)].
Thus, the range of Ψ is a deterministic uniformly bounded Ψ-family
and Φ-family.

(b) Ψ is uniformly continuous.

Proof. Let Θ be given by Theorem 3.7. Set

Ψ(f) = f !sΘ(f) = f !
⋃

i=0,...,p

{α(i)
j (f) | 1 ≤ j ≤ !i}

9



where the α(i)
j ’s are constructed as in Definition 3.4. Then the family of

Ψ(f)’s, f ∈ NN, is exactly πΘ, which proves (a), (c) by Theorem 3.7). Finally,

the computation of Ψ(f) does not use the value of f on α(p)
1 (recall !p = 1),

it only uses the values of f on the α(i)
j (f)’s for i = 0, . . . , p− 1. Thus, Ψ uses

only deterministic (k2 − 1)-bounded information.

3.4 Proof of Theorem 3.7

It is easy to see that the proof given for Proposition 3.3 does not preserve
boundedness, a different argument is required to prove Theorem 3.7. We
shall argue by induction on k ≥ 1, the case k = 0 being special and trivial.

First, we introduce convenient notation and prove some auxiliary results.

Definition 3.10. Suppose Φ : BA → B is a total functional. We let XΦ

[XΦ,k] be the family of partial functions u : N ⇀ N such that Φ is constant
on [u] and Domain(u) is finite [has at most k elements]. We let ϕΦ : XΦ → N
be such that, for u ∈ XΦ, ϕΦ(u) is the common value of all Φ(f)’s for f ∈ [u].

Proposition 3.11. If Φ uses k-bounded information (k ≥ 1) then XΦ,k is
infinite.

Proof. If XΦ,k contains the empty domain function, then XΦ,k = FA⇀B
k .

Else the restrictions in XΦ,k of the constant functions in BA are pairwise
distinct.

Proposition 3.12. If u, v ∈ XΦ agree on Domain(u)∩ Domain(v) (in partic-
ular, if v extends u or if they have disjoint domains) then ϕΦ(u) = ϕΦ(v).

Proof. Consider f ∈ NN which extends both u and v. Then Φ(f) = ϕΦ(u)
and Φ(f) = ϕΦ(u) hence ϕΦ(u) = ϕΦ(v).

The following result will be used for effectivization to prove Lemma 5.3.

Proposition 3.13. Suppose Φ uses k-bounded information, u1, . . . , uk+1 in
XΦ,k, D ⊂ A, v ∈ BD are such that D = Domain(ui) ∩ Domain(uj) for all
i < j and ui !D = v for all i’s. Then Φ is constant on [v].

Proof. Applying Proposition 3.12, we see that ϕΦ(u1) = . . . = ϕΦ(uk+1). Let
f ∈ [v]. Then f ∈ [u] for some u ∈ XΦ,k. Since Domain(u) has at most k
elements there exists i such that Domain(u) ∩ Domain(ui) ⊆ D. Since u, ui

agree with v on D, Proposition 3.12 insures ϕΦ(u) = ϕΦ(ui) = ϕΦ(u1). Thus,
Φ(f) = ϕΦ(u1), so Φ is constant on [v].

The next Proposition gives the case k = 1 of Theorem 3.7.
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Proposition 3.14. If Φ : BA → B is a total functional using 1-bounded in-
formation then for every s ∈

⋃
u∈XΦ,1

Domain(u), the functional Φ is constant

on [u] for every u with domain {s} (in other words, letting Θ = (s), πΘ is a
(Φ, 1)-family).

Proof. Case 1: the function ∅ with empty domain is in XΦ,1. Then Φ is
constant. Though an empty Θ is OK, we can also set Θ = (s) for any s.
Case 2: Φ is not constant. Then all functions u ∈ XΦ,1 have a one element
domain. By Proposition 3.12 with k = 1, no two of these domains can be
disjoint. Thus, all u’s in XΦ,1 have the same domain {s} for some s.

Proposition 3.15. Let Φ : BA → B be a k-bounded total functional. If Φ
is not constant then there exists a set S with at most 2k − 1 elements such
that the domain of every partial function u ∈ XΦ meets S.

Proof. Since Φ is not constant so is ϕΦ. Let u, v ∈ XΦ,k be such that ϕΦ(u) 2=
ϕΦ(v). Set S = Domain(u) ∪ Domain(v). Applying Proposition 3.12, we see
that Domain(u) and Domain(v) are not disjoint so that S has at most 2k− 1
elements. Also, if w ∈ XΦ then ϕΦ(w) is different from at least one of ϕΦ(u)
and ϕΦ(v) hence Domain(w) meets S.

Definition 3.16. Suppose Φ : BA → B is a total functional and S ⊂ A is
finite and w ∈ BS. We let Φ(w) : BA → B be the total functional such that
Φ(w)(f) = Φ(f ⊕ w) for every f ∈ BA.

Proposition 3.17. Let Φ : BA → B be a total functional using k-bounded
information. Suppose that there is a non empty set S such that the domain
of every function u ∈ XΦ,k meets S. Then, for every function w ∈ NS, the
total functional Φ(w) : BA → B is (k − 1)-bounded.

Proof. For f ∈ BA, apply the hypothesis on Φ to foplusw (cf. Notation 1.1)
to get some u ∈ XΦ,k such that f ⊕ w extends u. Let ũ be the restriction
of u to Domain(u) \ S. Observe that f extends ũ. Thus, to prove that Φ(w)

uses (k−1)-bounded information, it suffices to show that ũ ∈ XΦ(w),k−1. The
hypothesis on Φ and S insures that Domain(u) meets S. Since Domain(u) has
at most k elements, there are at most k−1 elements in dom(ũ). It remains to
show that Φ(w) is constant on [ũ]. Let f, g ∈ [ũ]. Since w is compatible with
u hence with ũ, both f ⊕w and g⊕w extend ũ and w hence both extend u.
Since u ∈ Xφ,k, we have Φ(f ⊕ w) = Φ(g ⊕ w) hence Φ(w)(f) = Φ(w)(g).

Proposition 3.18. Let S be a finite non empty subset of A and , for every
w ∈ BS, let Φ(w) : BA → B be a total functional and

Θ(w) = (s(w)
1 , . . . , s(w)

!
(w)
0

, θ(w,1)
1 , . . . , θ(w,1)

!
(w)
1

, . . . , θ(w,pw)
1 , . . . , θ(w,pw)

!
(w)
pw

, ω(w))
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be a constructor as in Definition 3.4 such that Φ(w) is constant on [u] for
every Θw- good partial function u. Let Φ : BA → B be the unique total
functional such that, for every f ∈ BA, Φ(f) = Φ(f!S)(f). Suppose that there

exists some K ∈ N which majorizes all p(w)’s and !(w)
i ’s, for w ∈ BS and

0 ≤ i ≤ !p(w). Then there exists a constructor

Θ = (s1, . . . , s!0 , θ
(1)
1 , . . . , θ(1)!1

, . . . , θ(p)1 , . . . , θ(p)!p
, ω)

as in Definition 3.4 such that Φ =Ω Θ !BA and

(i) {s1, . . . , s!0} = S,

(ii) p = 1+max{pw | w ∈ BS}, !i = max{!(w)
i−1 | pw ≥ i−1} for i = 1, . . . , p.

Proof. Let p, the sj’s and !i’s be as given by clause (ii). First, we define the

total functions θ(i)j ’s, i = 1, . . . , p. Given
∑i=p−1

i=0 !i elements b(i)! of N, for
i = 1, . . . , p, we get a tuple which can be an input for the θ(i)j ’s:

D(i) = (b(0)1 , . . . , b(0)!0
, . . . , b(i−1)

1 , . . . , b(i−1)
!i−1

)

For w ∈ BS and 1 ≤ i ≤ pw, we consider the tuple obtained from D(i) by
removing the first blocks of b’s and trimming blocks of length !i to length
!(w)
i−1, so as to get a tuple which can be an input for the θ(w,i−1)

j ’s:

E(w,i−1) = (b(1)1 , . . . , b(1)
!
(w)
0

, . . . , b(i−1)
1 , . . . , b(i−1)

!
(w)
i−1

)

We are now ready to define the θ(i)j ’s.

Let w ∈ BS be such that w(s1) = b(0)1 ,. . . , w(s!0) = b(0)!0
. Then, for i =

1, . . . , p and 1 ≤ j ≤ !i, we set

(∗) θ(i)j (D(i)) =






s(w)
j if i = 1, j ≤ !(w)

0

θ(w,i−1)
j (E(i−1))) if 1 ≤ i− 1 ≤ pw, j ≤ !(w)

i−1

b(0)1 if i− 1 > pw or j > !(w)
i−1

.

Now that the θ(i)j ’s are defined, let us prove that Φ is constant on [u] for
every u ∈ πΘ. Let f, g ∈ [u], we have to prove that Φ(f) = Φ(g). Since the
seeds of Θ are S = {s1, . . . , s!0}, the domain of u contains S. Let w be the
restriction of u to S. The hypothesis of the Proposition insures that Φ and
Φ(w) coincide on [w]. In particular, they coincide on [u] hence Φ(f) = Φ(w)(f)

and Φ(g) = Φ(w)(g). Since u ∈ πΘ, the α(i)
j (u)’s for i = 0, . . . , p and 1 ≤ j ≤

!i, are all defined and belong to Domain(u). Now, arguing with Φ(w) and the
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αw,i)
j ’s, we show, by induction on i = 0, . . . , pw that α(w,i)

j (u) = α(i+1)
j (u) for

all j = 1, . . . , !(w)
i .

Initial case i = 0. Using the definitions of α(w,0)
j (u) and θ(w)

1 , we get

α(w,0)
j (u) = s(w)

j = θ(1)j (D(1)) = θ(1)j (b(0)1 , . . . , b(0)!0
)

= θ(1)j (w(s1), . . . , w(s!0))

= α(1)
j (w)

= α(1)
j (u) since u extends w.

Inductive step: from 0 ≤ i− 1 < pw to i. We have

α(w,i)
j (u) = θ(w,i)

j

(
β(w,0)
1 (u), . . . , β(w,0)

!
(w)
0

(u), . . . , β(w,i−1)
1 (u), . . . , β(w,i−1)

!
(w)
i−1

(u)

)

By induction hypothesis, for i′ < i, α(w,i′)
j (u) = α(i′+1)

j (u). Hence β(w,i′)
j (u) =

u(α(w,i′)
j (u)) = u(α(i′+1)

j (u)) = β(i′+1)
j (u). These equalities and (*) supra yield

α(w,i)
j (u) = θ(w,i)

j

(
β(1)
1 (u), . . . , β(1)

!
(w)
0

(u), . . . , β(i)
1 (u), . . . , β(i)

!
(w)
i−1

(u)

)

= θ(i)j

(
β(0)
1 (u), . . . , β(0)

!0
(u), . . . , β(i)

1 (u), . . . , β(i)
!i
(u)

)

= α(i+1)
j (u)

Finally, for b1, . . . , bλ ∈ B, let w = ((s1, b1), . . . , (sk, bk)) and set ω(b1, . . . , bλ) =
ω(w)(b1, . . . , bλ(pw)).

Finally, we can complete the wanted proof.
Proof of Theorem 3.7.
• Case k = 0. Then the function with empty graph ∅ is in XΦ and the empty
constructor Θ = () is such that πΘ = {∅} and satisfies the wanted conclusion.
For k ≥ 1, we argue by induction on k.
• Initial step of the induction: k = 1. Apply Proposition 3.14.
• Inductive step: going from k−1 to k (with k ≥ 2). If Φ is constant then the
conclusion of the theorem is obviously true. Suppose Φ is not constant and
let S be as in Proposition 3.15: S has at most 2k−1 elements and the domain
of every u ∈ XΦ,k meets S. By Proposition 3.17, Φ(w) is (k − 1)-bounded
for every w ∈ BS. The induction hypothesis yields a constructor Θ(w) such
that Φ(w) = ΩΘ(w) !BA and pw = max(0, (k − 1) − 1) = k − 2 (recall k ≥ 2)

and !(w)
i = 2((k − 1)− i)− 1 for i = 0, . . . , pw. Now, Φ and Φ(w) coincide on

[w] by definition of Φ(w). Applying Proposition 3.18, we get a constructor Θ
such that Φ = ΩΘ !BA. Finally, p = 1 + max{pw | w ∈ BS} = k − 1 and
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!i = max{!(w)
i−1 | w ∈ BS} = 2(k − 1 − (i − 1)) − 1 = 2(k − i) − 1. Lastly,

K =
∑i=k−1

i=0 !i =
∑i=k−1

i=0 2(k − i) − 1 = k2 and so πΘ is a deterministic
Φ-family which is k2-bounded. !

4 Topology and bounded information

For the notion of uniformity on a space and the related classical results, we
refer to classical textbooks (Bourbaki or Kelley’s [3, 14]) and the Appendix.

4.1 The bounded uniformity on Baire like spaces

Proposition 4.1. To any deterministic bounded covering π of BA, associate

Uπ = {(f, g) ∈ BA × BA | f, g extend the same function of π}
=

⋃
u∈π[u]× [u] (cf. Notation 1.2)

1. The family B of all Uπ’s is the basis of a transitive uniformity on BA. We
call it the bounded information uniformity.
2. The product topology (of the discrete topology on B) is associated to the
bounded information uniformity.

Proof. Point 1 is a straightforward consequence of Proposition A.7. For point
2, we shall use the fact that a basis of the topology associated to the bounded
information uniformity is obtained by taking sections Uπ|f = {g | (f, g) ∈
Uπ} where π varies among deterministic bounded covering and f varies in
BA. If f ∈ [u] and u ∈ π then Uπ|f = [u]. To conclude, observe that every
partial function u : A ⇀B with finite domain belongs to some deterministic
uniformly bounded covering π.

The bounded information uniformity is the right topological tool to char-
acterize functionals using bounded information.

Theorem 4.2. Endow B with the discrete uniformity and BA with the
bounded information uniformity. A total functional Φ : BA → B is uni-
formly continuous if and only if it uses uniformly bounded information.

Proof. Since we consider the discrete uniformity on the range set B, Φ
is uniformly continuous if and only if the inverse image of the diagonal
(Φ,Φ)−1({(b, b) | b ∈ B}) is an entourage of the bounded information unifor-
mity, i.e. contains an entourage Uπ where π is a uniformly bounded covering.
This means that there is a deterministic uniformly bounded covering π such
that, for all f, g ∈ BA, if (f, g) ∈ Uπ then Φ(f) = Φ(g). Now, (f, g) ∈ Uπ
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exactly means f, g ∈ [u] for some u ∈ π. Thus, Φ is uniformly continu-
ous if and only if Φ uses deterministic uniformly bounded information. To
conclude, apply Corollary 3.8.

4.2 Curryfication and linear uniform continuity

Definition 4.3. Endow BA with the bounded information uniformity. We
say that a total functional Ψ : BA → BA is linearly uniformly continuous if
the following condition holds:

∃k ∀! ∈ N ∀ !-bounded covering π ∃ k!-bounded covering π′

∀f, g ∈ NN ((f, g) ∈ Uπ′ ⇒ (Ψ(f),Ψ(g)) ∈ Uπ)

Proposition 4.4. Let Ψ : BA → BA be a total functional. Endow B with
the discrete uniformity and BA and NA∪{"} with the bounded information
ones.
1. If Ψ is linearly uniformly continuous then it is uniformly continuous.
2. Ψ is linearly uniformly continuous if and only if ∂Ψ : BA∪{"} → B is
uniformly continuous (cf. Definition 1.3).

Proof. Point 1 is obvious. We first prove the ⇒ implication in Point 2.
Suppose Ψ is linearly uniformly continuous with the constant k. For a ∈
A, let πa be the deterministic 1-bounded covering of all partial functions
A ⇀ B with domain {a}. Linear uniform continuity insures that there
exists a deterministic k-bounded covering π′

a of BA such that, for all u ∈ π′
a,

f "→ Ψ(f)(a) is constant on [u] . Then ∂Ψ is constant on [u⊕ (&, a)] where
u⊕ (&, a) is the extension of u to Domain(u)∪{a} which takes value a on &.
The family τ of all u⊕(&, a), where a ∈ A and u ∈ π′

a, is then a deterministic
(k + 1)-bounded ∂Ψ-family. By Theorem 4.2, ∂Ψ is uniformly continuous.
For the converse ⇒ implication, suppose ∂Ψ is uniformly continuous and
let τ be a deterministic k-covering of BA∪{"} such that ∂Ψ is constant on
[v] for every v ∈ τ . Lifting k to k + 1, we can suppose that every v ∈ τ
is defined on &. Let π be a be a deterministic !-covering of BA. For each
u = ((a1, b1), . . . , (ap, bp)) ∈ π with p ≤ ! (cf. Notation 1.2), let π′

u be the
family of all u1 ⊕ . . . ⊕ up such that u1 . . . , up are pairwise compatible and
ui⊕(&, ai) ∈ τ and the value of ∂Ψ on [ui⊕(&, ai)] is bi for all i = 1, . . . , p. Set
π′ =

⋃
u∈π π

′
u. Since each u ∈ π has a size≤ ! domain and each ui⊕(&, ai) ∈ τ

has a size k domain, we see that each function in π′ has a size ≤ k! domain.
Let f ∈ NN. There exists a unique u = ((a1, b1), . . . , (a!, bp)) ∈ π such that
Ψ(f) ∈ [u]. Observe that bi = Ψ(f)(ai) for all i. For each i = 1, . . . , p there
exists a unique ui such that ui ⊕ (&, ai) ∈ τ and f ⊕ (&, ai) ∈ [ui ⊕ (&, ai)].
Since f(ai) = bi for all i, we see that u1 ⊕ . . .⊕ up is in π′

u hence in π′. Thus,
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f ∈ [u1 ⊕ . . .⊕ up]. This proves that π′ is a deterministic k!-covering of BA.
Finally Ψ(g) ∈ [u] for every g ∈ [u1 ⊕ . . .⊕ up]. Thus, (Ψ,Ψ)(Uπ′) ⊆ Uπ and
Ψ is (! "→ k!)-uniformly continuous.

5 Effective uniformly bounded information

The effectivization of uniform continuity is the expected one.

Definition 5.1. A computable total functional Φ : BA → B is effectively
uniformly continuous relative to the bounded uniformity on BA if the inverse
image of the diagonal of B × B contains a computable uniformly bounded
covering of BA (in other words, if there exists a computable (Φ, k)-family for
some k ∈ N).

The proof of Theorem 3.7 uses a dichotomy: Φ is constant or not. This
dichotomy is used recursively with the Φ(w)’s. Alas, to decide whether Φ(w)

is constant or not requires either the halting problem as oracle or the extra
hypothesis that XΦ,k is computable. Using an oracle leads to non computable

functions θ(i)j ’s in the constructor Θ! And the extra hypothesis about XΦ,k

fails in general for ASM functionals, the ones we want to characterize!
To get computable functions θ(i)j ’s, we give a completely different proof

using Ramsey’s theorem. The price of this new proof is a super-exponential
blow-up from k to a Ramsey number involving k.

Theorem 5.2 (Ramsey’s theorem). Let c ≥ 2. There exists a primitive
recursive function R : Nc → N such that, for every coloring γ of the unordered
pairs of {1, . . . , R(n1, . . . , nc)} into c colors 1, . . . , c, there exist a color i and
a subset Xγ with ni elements such that all pairs in Xγ have color i.

The following Lemma is the key of the proof of Theorem 5.4.

Lemma 5.3. Let Φ : BA → B be a total functional using k-bounded infor-
mation. Let (vi)i=1,...,L, (wi)i=0,...,L be sequences in FA⇀B

k such that, for all
i,

(1) vi ∈ XΦ,k and Domain(wi) = Domain(vi),

(2) if i < j then wi and vj agree on the common part of their domains,

(3) w0, . . . , wL pairwise agree on the common part of their domains.

Suppose L ≥ R(n0, . . . , nk), the Ramsey number where nc = 1 +
(
k
c

)
(k + 1)

for c = 0, . . . , k − 1 and nk = 2. Then Φ is constant on [0w] where 0w =
w0 ⊕ . . .⊕ wL.
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Proof. For 1 ≤ i < j ≤ L let γ(i, j) be the number of elements in Domain(vi)∩
Domain(vj). This function γ is a coloring of {1, . . . , L} into k + 1 colors
0, . . . , k. Since the v!’s have ≤ k elements in their domains, γ is a coloring
of pairs in {1, . . . , L} into k + 1 colors 0, . . . , k. The hypothesis on L and
Ramsey’s theorem 5.2 insure the existence of a color c and a subset X of
{1, . . . , L} having nc elements (cf. formula (*) supra) on which all pairs have
color c. We argue on the color c.
• Case c = k. Since nk = 2 there are i < j such that Domain(vi) =
Domain(vj). Now, by definition, since i < j, vj and wi agree on the common
part of their domains. Since Domain(wi) = Domain(vi) we have wi = vi.
Since vi ∈ XΦ, we see that Φ is constant on [wi] hence is constant on [0w].
• Case 0 ≤ c < k. The vi’s, i ∈ X, are functions in Φ, k such that the
domains of any pair of these functions have an intersection with exactly c
points. Let ! be the least element of X. For each subset D of Domain(v!)
with c elements, let XD = {i ∈ X \{!} | Domain(u!)∩Domain(ui) = D}. The
XD’s form a partition of X. Since nc = 1 +

(
k
c

)
(k + 1) there are (k + 1)

(
k
c

)

points in X \{!}. Since there are
(
k
c

)
possible subsets D, we see that there is

a particular subset D such that XD has at least k+1 elements. In particular,
if i, j ∈ XD, i < j, then Domain(vi) ∩ Domain(vj) = D. Now, all vi’s, i ∈ XD

agree with w! hence vi ! D = w! ! D. Proposition 3.13 insures that Φ is
constant on w! !D. A fortiori, Φ is constant on [0w].

Main Theorem 5.4. There exists a primitive recursive total function L :
N → N having the following property. Suppose Φ is a computable total
functional BA → B and π is a computable (Φ, k)-family for some k ∈ N.
Then there exist elements s1, . . . , sk in A, computable total functions θ(i)j :
Bik → A, with i = 1, . . . , L(k), j = 1, . . . , k, and a computable total function
ω : B(1+L(k))k → B such that Φ =Ω Θ !BA and πΘ is a (Φ, k(1+L(k)))-family,
where Θ is the constructor

Θ =
(
s1, . . . , sk, θ

(1)
1 , . . . , θ(1)k , . . . , θ(L(k))1 , . . . , θ(L(k))k , ω

)
.

2. The above result is uniform in Φ, π : if Φ and π depend computably on a
parameter m ∈ N then ω and the si’s, θ

(i)
j ’s are uniformly computable in m.

Proof. Let (ui)i∈N be a computable enumeration of π. Let L(k) be the Ram-
sey number L of Lemma 5.3. We fix some computable total ordering on A and
define by induction on i ≥ 1 the sj’s and θ(i)j ’s, together with ρi : Bik → N.
Let 0b = (b1, . . . , bk(L(k)+1) ∈ Bk(L(k)+1). Let us denote by 0b|ik the sequence

(b1, . . . , bik) ∈ Bik. We define inductively the θ(i)j (0b|ik).
(1) Choose s1, . . . , sk (non necessarily distinct) such that {s1, . . . , sk} =

Domain(u0).
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(2) Let ρ1(0b|k) be the least integer ! such that u! and (sk, bk)⊕ . . .⊕(s1, b1)
agree on the common part of their domains (recall Definition 1.1 and ob-

serve the inversion done in the sequence) and let θ(1)1 (0b|k), . . . , θ(1)k (0b|k)
(non necessarily distinct) be such that {θ(1)1 (0b|k), . . . , θ(1)k (0b|k)} = Domain(uρ1()b|k)).

(3) Suppose the θ(i
′)

j (0b|i′k)’s, and the ρ!!b|i′k ’s have been defined for i′ < i.

Let us write si′k+j = θ(i
′)

j (0b|i′k). Let ρi(0b|ki) be the least integer !
such that u! and (sik, bik)⊕ . . .⊕ (s1, b1) agree on the common part of

their domains and let θ(i)1 (0b|ik), . . . , θ(i)k (0b|ik) (non necessarily distinct)

be such that {θ(i)1 (0b|ik), . . . , θ(i)k (0b|ik)} = Domain(uρi()b|ik)).

Let vi = uρi()b|ik) and wi = ((sik+k, bik+k)⊕ . . .⊕ (s1, b1)) ! Domain(vi). Then
all conditions of Lemma 5.3 are satisfied: Domain(vi) = Domain(wi), the wi’s
pairwise agree (due to the inversion in the ⊕ sum) and wi agrees with vj for

i < j by definition of ρj(0b|jk). Thus, Φ is constant on wkL(k) ⊕ . . . . . . w0.

Since Domain(wK) is the set of the θ
i)
j (0b|ik)’s, we see that Φ is constant on all

u ∈ πΘ. Finally, we show that the values of Φ are given by some computable
ω. Define ω as follows. Let ζ : A → B be any constant function. For
0b ∈ Bk(L(k)+1), let u = wkL(k)⊕ . . . . . .⊕w0 be as above and let f)b = ζ⊕u and

set ω(0b) = Φ(f)b). By the above analysis, we know that Φ is constant on [u].

Since f)b ∈ [u], this constant value is given by ω(0b). To conclude, recall that
Φ is computable and observe that f)b is a computable function, uniformly in
0b, hence θ is computable.

Corollaries 3.8 and 3.9 have effective versions.

Corollary 5.5. Suppose Φ : BA → B is a computable total functional. The
following conditions are equivalent.

(1) Φ is effectively uniformly continuous.

(2) Φ admits a computable uniformly bounded Φ-family.

(3) Φ admits a computable deterministic uniformly bounded Φ-family.

(4) Φ =Ω Θ !BA for some computable constructor Θ as in Definition 3.4.

Corollary 5.6. If a total functional Φ : BA → B is computable and effec-
tively uniformly continuous then there exists a computable total functional
Ψ : BA → FA⇀B such that,

(a) Ψ is computable and effectively uniformly continuous.

(b) The range of Ψ is a computable deterministic uniformly bounded Ψ-
family and Φ-family, i.e. for all f ∈ BA, Ψ and Φ are constant on
[Ψ(f)].
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(c) For all f ∈ BA, f ∈ [Ψ(f)].

6 Characterization of ASM functionals

Proposition 6.1. Let T =
∏

i=1,...,n B
Ai
i be a product of function spaces

where the Ai, Bi’s are countable. Let A,B be the disjoint sums of the Ai’s
and the Bi’s respectively, so that BA is a (proper) subset of T . Let Φ : T → C
a total functional which uses k-bounded information. Then there exists a total
functional Φ̃ : BA → C which also uses (k + 1)-bounded information and is
such that Φ = Φ̃!T . Moreover, if Φ is computable and admits a computable
(Φ, k)-family then so does Φ̃ is computable and admits a computable (Φ̃, k)-
family.

Proof. Let us say that a partial function in FA⇀B is bad if it maps some
element of Ai outside Bi. Let π be a (Φ, k)family. We define a (Φ̃, k + 1)-
family from π. Let u ∈ π. Interpreted in FA⇀B, all extensions with bad
elements outside Domain(u) are obtained. The problem is with bad elements
inside Domain(u). We proceed as follows. Identify A with N. If c1, . . . , c! ∈
Domain(u) and (ci, di) is bad for i = 1, . . . , !, then, for x ∈ A, let

u)c,)d,x = u⊕ (c1, d1)⊕ . . . (c!, d!)⊕ (γ, x)

with γ =
∑

i ci+ < c1, d1, . . . , c!, d! > where < . . . > is some coding of
sequences of integers by integers. Set π̃ be the set of all possible u)c,)d,x’s.

It is easy to see that π̃ is a (Φ̃, k + 1)-family. Finally, this construction is
effective.

Main Theorem 6.2. Let T =
∏

i=1,...,n B
Ai
i be a product of function spaces

where the Ai, Bi’s are countable. Let Ψ : T → T be a total functional. The
following conditions are equivalent.

(1) Ψ uses uniformly bounded information.

(2) There exists an ASM on the sorts occurring in T (with a suitable static
framework) such that Ψ is exactly the functional associated to this ASM.

Moreover, if Ψ is computable and effectively linearly uniformly computable
(i.e. there is some computable uniformly bounded ∂Ψ-family) then the static
framework of the ASM consists of computable functions.

Proof. Consider the functional ∂̃Ψ given by Proposition 6.1 and use Theo-
rems 3.7, 4.2, 5.4 to ∂̃Ψ.
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A Uniform structure and topology

To get a topological characterization of functionals using bounded informa-
tion analog to that in Proposition 2.3, we need to replace continuity by
uniform continuity relative to a pertinent uniform structure on the Baire
space.

First, let us recall the notion of uniformity on a space and some related
classical results, cf. Bourbaki or Kelley’s classical textbooks [3, 14].

Definition A.1. A uniformity U on a space S is a family of subsets of S×S
(called entourages) satisfying the following conditions:

(1) Every entourage U ∈ U contains the diagonal ∆ = {(x, x) | x ∈ S}.
(2) U is a filter: every superset of an entourage is an entourage and the

intersection of finitely many entourages is an entourage.

(3) If U is an entourage so is its symmetric U sym = {(y, x) | (x, y ∈ U}.
(4) For every entourage U there exists an entourage V such that V ◦V ⊆ U

where V ◦W = {(x, z) | (∃y ((x, y) ∈ V ∧ (y, z) ∈ W )}. In particular,
since V contains the diagonal, V = V ◦∆ ⊆ V ◦ V ⊆ U .

The uniformity U is transitive in case condition (4) can be strengthened to

(4’) For every entourage U there exists an entourage V such that V ◦V = U .
One can then suppose V to be symmetric.

A basis B of U is a family of entourages such that every entourage contains
an entourage in B

Example A.2. 1. Suppose d : S × S → [0,+∞] is a metric on S. For any
r > 0 let Ur = {(x, y) ∈ S × S | d(x, y) ≤ r}. Then the family of supersets
of the Ur’s is a uniformity Ud on S (and the Ur’s constitute a basis of Ud).
2. In case d is an ultrametric, i.e. d(x, z) ≤ max(d(x, y), d(y, z)) for all
x, y, z ∈ S, then Ur ◦ Ur = Ur and therefore Ud is a transitive uniformity.
3. The finest uniformity is the discrete one: it which contains the diagonal
(hence all its supersets).

To every uniformity is associated a topology.

Proposition A.3. Suppose U is a uniformity on S. For every x ∈ S let
NU(x) be the family of sets of the form {y ∈ T | (x, y) ∈ U} for some
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entourage U ∈ U . Let TU be the family of sets X ⊆ T such that X ∈ NU(x)
for every x ∈ X.
Then TU is the family of open sets of a topology on X and NU(x) is the family
of neighborhoods of x with respect to the topology TU .

In the same way that topology is the right framework to deal with continu-
ity, the notion of uniformity is the right one to deal with uniform continuity.

Definition A.4. Suppose U and V are uniformities on the respective spaces
S and T . A map F : S → T is uniformly continuous with respect to U and
V if (F × F )−1(V ) ∈ U for every V ∈ V, i.e. the inverse image by F × F of
an entourage of V is an entourage of U . In other words, for every entourage
V ∈ V there exists an entourage U ∈ U such that if x, y are U-close, i.e.
(x, y) ∈ U , then F (x), F (y) are V -close, i.e. (F (x), F (y)) ∈ V .

This definition extends the usual one with metric spaces.

Proposition A.5. If (S, dS) and (T, dT ) are metric spaces then a map F :
S → T is uniformly continuous with respect to the uniformities UdS and UdT

(cf. Example A.2 supra) if and only if F is uniformly continuous in the sense
of metric spaces: for every ε > 0 there exists η > 0 such that, for all x, y ∈ S,
if dS(x, y) ≤ η then dT (F (x), F (y)) ≤ ε.

As expected, uniform continuity implies continuity.

Proposition A.6. If F : S → T is uniformly continuous with respect to U
and V then F is continuous with respect to the associated topologies TU and
TV .

Transitive uniformities can be characterized via partitions.

Proposition A.7. To any partition σ = (Sα)α∈A of a space S we associate
the set Vσ =

⋃
α∈A Sα × Sα. Let U be a uniformity on S and Σ be the family

of all partitions σ such that Uσ ∈ U . The uniformity U is transitive if and
only if {Vσ | σ ∈ Σ} is a basis of U .

Proof. Suppose V ⊆ S×S contains the diagonal and is symmetric. Observe
that V satisfies V ◦ V = V if and only V is an equivalence relation on S if
and only if V = Uσ for some partition σ (namely the partition constituted
by equivalence classes of V ).

Finally, let us mention the following property of transitive uniformities.

Proposition A.8. Suppose U is a transitive uniformity on S. A basis of the
topology associated to U is the family of all pieces Sα of all partitions σ of S
such that Uσ is in U .
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Proof. Observe that Sα = {y | (x, y) ∈ Sα × Sα} = {y | (x, y) ∈ Uσ}.
In particular, if x ∈ Sα then Sα is a neighborhood of x. Thus, Sα is a
neighborhood of each of its points hence is open. Conversely, if X ⊆ S is
open then, for every x ∈ X, there exists a partition σ such that Uσ is in U
and a piece Sα of σ such that x ∈ {y | (x, y) ∈ Uσ} ⊆ X. Thus, x ∈ Sα ⊆ X.
Since x is any element of X, this shows that X is a union of such sets Sα’s.
Thus, any open set is a union of Sα’s. This means that the Sα’s constitute a
topological basis.
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