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Abstract. Sequential algorithms over countable data structures are mod-
elized by Gurevich’s Abstract State Machines as the iteration of a func-
tional which goes from a finite product of function spaces into itself. ASM
functionals have the following properties for some k: (1), they modify
their argument on at most k points, (2)x their modulus of continuity
is k-bounded. We show that these properties characterize ASM func-
tionals and that property (2),2 then holds with a modulus of continuity
given by ground terms. This k — k2 blow-up is optimal. We also give a
topological interpretation of property (2) in terms of uniform continuity.
The effective version also holds but is harder to prove and involves a
super-exponential blow-up due to the use of Ramsey’s theorem.
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1 Introduction

1.1 Roadmap

We consider deterministic sequential algorithms working with countable data
structures. Here sequential means discrete time plus uniformly bounded action
(as opposed to “wild” parallel action). This a priori quite informal notion of
algorithm has been convincingly modelized around 1984 by Yuri Gurevich with
Abstract State Machines (aka Evolving Algebras), see [6,7,8]. A (deterministic)
ASM consists of the following data.

— A multisort logical functional structure M = (M, ..., My;f1,... . fp) on a
so-called static functional vocabulary (f1,..., fp). This static vocabulary is
typed: types are of the form M; or M}, x...xM; — M,. The interpretations
f;’s respect the types of thef;’s.

— A so-called dynamic functional vocabulary which is similarly typed.

— An ASM program cousisting of assignments f(¢1,...,t¢) := u where f is a
dynamic symbol and the ¢;’s and u are ground terms constructed with both
vocabularies, conditionals and finite blocks of such instructions.

A state of an ASM is an interpretation of the dynamic vocabulary. A run of an
ASM is a sequence of states obtained from the first one (the “initial” state) by
iterated application of the ASM program. Thus,



— The base set of the structure and the interpretations of the static symbols
are fixed. They represent the framework of the algorithm and the primitive
operations “given for free”, let them be computable or not.

— The interpretations of the dynamic symbols vary from state to state. They
represent the dynamic environment of the algorithm.

In this way, an algorithm appears as a static framework plus a functional map-
ping the interpretations of the dynamic symbols in some state into the interpre-
tations in the next state (obtained by application of the ASM program). This

functional is of the form ¥ : T — T with T' =[], ((HjeJi M;) — Mgi) where

I and the J;’s are finite multisubsets of {1,...,n} (recall n is the number of
sorts of M), and the ¢;’s are in {1,...,n}.

Let k£ be the total number of occurrences of dynamic symbols in the terms of
the ASM program. The ASM functional has the following properties:

(1)x It modifies its argument £ = (f1,..., fy) on a set X¢ of at most k points.
(2)r X¢ and the new values of f on X depend only on the values of f on a set
Yt of at most k£ points. L.e., the modulus of continuity is k-bounded.

In this work, we show (Theorem 6.2) that any functional ¥ satisfying properties
(1) and (2), is an ASM functional. More precisely, one can find some ASM static
framework on the multisort domain (Mj, ..., M,) such that properties (1);2 and
(2)2 hold in an ASM-like way: the k2 points of X¢ and the new values of f on
them are given by ground terms built with f and the ASM static framework, cf.
Theorem 3.7, Corollaries 3.8, 3.9. This k +— k2 blow-up cannot be improved (cf.
Proposition 3.3).
This characterization can also be seen as a topological one using a particular
transitive uniformity compatible with the usual product topology on function
spaces. ASM functionals ¥ : T' — T are exactly those for which, for some k, there
exist 2k uniformly continuous functionals A;, B; : T'— M; such that ¥(f)(z) =
B;(f) if x = A;(f) for some i =1,...,k and ¥(f)(x) = f(x otherwise. A variant
topological characterization uses a notion of “linear” uniform continuity of ¥.
All these results hold in an effective version (Theorems 5.4, 6.2) with functionals
associated to ASMs with computable static functions. However, the blow-up
k — k% becomes a super-exponential blow-up since we have to use a completely
different proof involving Ramsey’s theorem about k-colorings.

As a perspective work (in progress), these results seem to also apply to par-
allel algorithms, cf. Blass & Gurevich [1,2].

1.2 Conventions and notations

Convention. The notation f : A — B is used for total functions from A to
B whereas u : A — B is used for partial functions. In practice, we shall have
A=Nor A=INU{T} and B = IN. We shall use letters ¢,¥ as respective
names for functionals @ : B4 — B and ¥ : B — B4,



Definition 1.1. 1. If&,n: A =B are partial functions, we let £ S n: A —B

be the partial function such that Domain(€ & n) = Domain(§) U Domain(n), £ &1
extends n and (£ ® n)(x) is equal to £(x) if © € Domain(§) \ Domain(n).

2. We write (a,b) for the function with domain {a} which maps a onto b and
((a1,b1), ..., (an,by)) in place of (a1,b1) ® ... D (an,by).

Definition 1.2. 1. FA™E (resp. 4B ) is the family of all partial functions
A =B with finitely many (resp. at most k) points in theirs domains. If u €

S4B we let [u] be the set of total functions A — B which extend u. Ifay,. .., an
are distinct, we let ((a1,b1),. .., (an,b,)) be the partial function u € FA~E with
domain {a,...,an} such that u(a;) =b; fori=1,...,n.

2. We write §, §, when A=B =N and §', S; when A=INU{T}, B=N.

Definition 1.3 (Curryfication). 1. If ¥ : BA — B is a total functional, we
denote by OV the total functional OF : (B4 x A) — B such that (OW)(f,a) =
(f)(x) for all f € BA and a € A.

2. We identify A with {T} — A and B* x A with BAY{T} | and 0@ with a total
functional 0¥ : BAATY & B,

2 Continuity and finite information

First, we reformulate continuity of functionals in terms of how much information
is used. The core of the paper is to replace “finite” by “at most k”.

Definition 2.1. We use Definitions 1.2, 1.8. 1. A covering m of B4 is a sub-
family of 28 such that BA = Uuexlul. A covering m is deterministic if the
[u]’s, u € 7, are pairwise disjoint, hence form a partition of BA.

2. Let ® : BA — B be a total functional. A [deterministic] ®-family is a [deter-
ministic] covering w such that @ is constant on [u] for every u € 7. We say that
d uses [deterministic] finite information if there is a [deterministic] ®-family.
2. Let W : BA — B be a total functional. A [deterministic] W-family is a [de-
termanistic] OW-family. ¥ uses [deterministic] finite information if so does OW.

Proposition 2.2. A total functional ¥ : B4 — B4 wuses finite information if
and only if so does, for each a € A, the BA — B functional f — ¥(f)(a).

Using finite information is a mere reformulation of continuity.

Proposition 2.3. Let A, B be countable (in practice, A is N or NU{T}, B is
IN or {0,1}). On B we consider the discrete topology and on B4 we consider the
usual product topology for which the family of sets [u], u € FA™B, constitutes a
basis of open sets. For a total functional BA — B or BA — B4, the following
conditions are equivalent.

(i) to be continuous.
(ii) to use finite information.
(iii) to use deterministic finite information.



3 Uniformly bounded information

3.1 From finite to uniformly bounded information

Definition 3.1. Let & : BA — B be a total functional, k € IN.

1. A [deterministic] k-covering © of B4 is a [deterministic] covering (cf. Defini-
tion 2.1) included in F3—B. A covering is uniformly bounded if it is a k-covering
for some k € IN.

2. A (D, k)-family [(®, bounded)-family/ is a -family which is a k-covering [uni-
formly bounded covering/. ® uses [deterministic] k-bounded information if there
exists a [deterministic] (D, k)-family. & uses [deterministic] uniformly bounded
information if it uses [deterministic] uniformly bounded information.

Ezample 3.2. A trivial example of a deterministic k-covering of INY is that of all
functions having some fixed domain {s1, ..., s,} with k elements. A less trivial
example, with £ = 2, is the family of all functions u with graph of the form
{(a,y),(0(y),2))} (in other words, Domain(u) = {a,f#(u(a))}) where a € IN and
f : IN — IN are fixed but y, z vary in IN.

The analog of equivalence (ii)<(iii) of Proposition 2.3 fails with respect to
bounded information. The next result shows that, in general, the existence of a
(@, k)-family does not imply that of a deterministic (@, k)-family. A quadratic
blow-up is unavoidable (it is also sufficient, cf. Theorem 3.7).

Proposition 3.3. There exists a total functional & : NN — {0,1} which uses
k-bounded information and deterministic k*-bounded information but cannot use
only deterministic (k? — 1)-bounded information.

Proof. Let &(f) =01if f is 0 on some block ik, ...,ik + k — 1 and 1 otherwise.

3.2 Constructors

The next Definition and Lemma extend the idea of Example 3.2 to get simply
definable deterministic bounded coverings of B*.

Definition 3.4. 1, A constructor is a tuple
O =(s1,-.,50, 00,00, o 0P 00 w)

where, letting (i) = Zzzé_l by fori=1,....p, and A =37, i),

(i) p,lo,l1,....¢p, e N and {; =0= ;11 =0 fori=0,...,p—1,
(i1) the s;’s are elements of A (the seeds of the constructor),
(i) the Gj(.i) ’s are total functions 0§»i) : BN 5 A,

(iv) w is a total function w : B> — B.



2. To © we associate partial functionals, ozgi) :(A—=B)—~ A, ,Bj(z) (A —
B)—~B,2:(A—=B)—=B, for0<i<pandl <j </, inductively defined
as follows: for j € {1,...,4;}, £ € FA~B,

o€ =s; B =&a”(€) fori=0,....p
a0 =0 (0 o) Sori=1op

J'=1,...4y
Ro(§) =w ((@(’i) <5)>;_i”:::’?->

3. u € FATB is O-good if N is defined, i.e. if all a;i)(u) ’s are defined and
Domain(u) contains so(u) = Ui:o,_,_,p{agi) @ 11<j<4} .

The following result is straightforward.

Proposition 3.5. Let © be a constructor as in Definition 3.4. A partial function

u is minimal among @-good functions relative to function extension if and only
if Domain(u) = so(u).

Lemma 3.6. The family mg of minimal ©-good functions is a deterministic
(P l,,)-covering.

3.3 Main theorem on uniformly bounded information

We can now prove that Proposition 3.3 is optimal: a quadratic blow-up is suffi-
cient for determinization. This is the first main theorem of the paper.

Main Theorem 3.7. If the total functional  : BY — B uses k-bounded in-
formation then it uses deterministic k2-bounded information and there exists a
constructor © as in Definition 3.4 such that & = g | BA and 1o is a deter-
ministic (®, k?)-family and

(a) if k =0 then © is reduced to (w) and wo is the singleton family consisting

of the function with empty domain,
(b) ifk>1thenp=k—1andl; =2(k—14)—1 fori=0,...,p.

As immediate corollaries, we get.
Main Corollary 3.8. The following conditions are equivalent.

1. @ uses uniformly bounded information.
2. & uses deterministic uniformly bounded information.
3. There exists a constructor © as in Definition 3.4 such that & = g | BA.

Main Corollary 3.9. If a total functional & : BA — B uses k-bounded infor-
mation then there exists a total functional ¥ : B* — .7:,;42_\3 such that,

(a) For all f € BA, W and & are constant on [W(f)]) and f € [¥(f)]. Thus, the
range of ¥ is a deterministic uniformly bounded W-family and ®@-family.
(b) W is uniformly continuous.

Proof. Set ¥(f) = flse(f)=fIU, Ow’p{agi)(f) | 1 <j <¢;} where the ag-i)’s
are constructed as in Definition 3.4. O



3.4 Proof of Theorem 3.7

It is easy to see that the proof given for Proposition 3.3 does not preserve bound-
edness, a different argument is required to prove Theorem 3.7. We shall argue
by induction on k£ > 1, the case k = 0 being special and trivial.

First, we introduce convenient notation and prove some auxiliary results.

Definition 3.10. Suppose & : BA — B is a total functional. We let X¢ Xo ]
be the family of partial functions u : IN — IN such that @ is constant on [u] and
Domain(u) is finite [has at most k elements]. We let g : Xo — IN be such that,
foru € Xo, pg(u) is the common value of all D(f)’s for f € [u].

Proposition 3.11. If & uses k-bounded information (k > 1) then Xo ) is infi-
nite.

Proposition 3.12. Ifu,v € Xg agree on Domain(u)NDomain(v) (in particular,
if v extends u or if they have disjoint domains) then pg(u) = pe(v).

Proof. Consider f € IN™ which extends both u and v. Then &(f) = g (u) and
P(f) = pa(u) hence pg(u) = va(v). =

The following result will be used for effectivization to prove Lemma 5.3.

Proposition 3.13. Suppose @ uses k-bounded information, u1,. .., urr1 in Xo i,
D C A, v € BP are such that D = Domain(u;) N Domasn(u;) for all i < j and
u; [ D =wv for all i’s. Then @ is constant on [v].

Proof. Applying Proposition 3.12, we see that pg(u1) = ... = @a(urs1). Let
f € [v]. Then f € [u] for some u € Xg k. Since Domain(u) has at most k elements
there exists ¢ such that Domain(u)NDomain(u,;) C D. Since u, u; agree with v on
D, Proposition 3.12 insures ¢g(u) = vg(u;) = pg(u1). Thus, D(f) = vs(uy), so
& is constant on [v].

The next Proposition gives the case k = 1 of Theorem 3.7.

Proposition 3.14. If & : BA — B is a total functional using 1-bounded in-
formation then for every s € Uuexm Domain(u), the functional @ is constant
on [u] for every w with domain {s} (in other words, letting © = (s), o is a

(D, 1)-family).

Proposition 3.15. Let & : B4 — B be a k-bounded total functional. If @ is
not constant then there exists a set S with at most 2k — 1 elements such that the
domain of every partial function u € X¢ meets S.

Definition 3.16. Suppose & : BA — B is a total functional and S C A is
finite and w € BS. We let ) : BA — B be the total functional such that
PW)(f) = &(f ®w) for every f € BA.

Proposition 3.17. Let & : BA — B be a total functional using k-bounded
information. Suppose that there is a non empty set S such that the domain of
every function u € Xg  meets S. Then, for every function w € IN®, the total
functional &) : BA — B is (k — 1)-bounded.



Proposition 3.18. Let S be a finite non empty subset of A and , for every
w e BY, let ) : BA — B be a total functional and

ew) — (Sgw), ) (w) 9§w»1)7 o 9(“171) ., engpw)

(w,paw) w
8,0 RESRERS 0 w( ))
0 1

et Y (w) 9
Pw

be a constructor as in Definition 3.4 such that ) is constant on [u] for every
Oy - good partial function u. Let & : BA — B be the unique total functional such

that, for every f € B4, &(f) = OB (f). Suppose that there exists some K € IN
which majorizes all p) s and ng) s, for w € BY and 0 < i < ). Then
there exists a constructor © = (sq,..., Sgg,egl), ceey 02), e ,0§p), e ,Gg),w) as

in Definition 8.4 such that ® = Qg | B4 and
(i) {s1,...,80,} =5,

(ii) p =1+ max{p, | w € B}, ¢; :max{fl(»iu)l | pw =i —1} fori=1,...,p.
(ii1) D is constant on [u] for every ©-good partial function uw: A =B .

Proof. Let p, the s;’s and ¢;’s be as given by clause (ii). First, we define the total
functions 9;’)’5, i=1,...,p. Given Zzig_l ?; elements bg’) ofIN,fori=1,...,p,

we get a tuple which can be an input for the 03(-1)’51
; 0 0 i—1 i—1
DY =@ 6, Y )

For w € BS and 1 < i < p,, we consider the tuple obtained from D by

removing the first blocks of b’s and trimming blocks of length ¢; to length 657;”)1,

so as to get a tuple which can be an input for the Q;W’i_l)’s:

plwi=1) _ (bgl), o p bgifl) b(z‘71))

ééw)D ceey PRI fglf)l

We are now ready to define the 9]@’8. Let w € B be such that w(s;) = bgo),. o
w(sg,) = bgj). Then, fori =1,...,pand 1 < j < {;, we set

bﬁo) ifi—1> py orj>€§7f)1

Now that the 9§-1)’s are defined, let us prove that & is constant on [u] for every
u € mo. Let f,g € [u], we have to prove that &(f) = &(g). Since the seeds of O
are S = {s1,..., S, }, the domain of u contains S. Let w be the restriction of u to
S. The hypothesis of the Proposition insures that @ and #(*) coincide on [w]. In
particular, they coincide on [u] hence &(f) = &()(f) and ¢(g) = &) (g). Since
to Domain(u). Now, arguing with &(*) and the «

u € mo, the o’ (u)’s for i = 0,...,p and 1 < j < ¢;, are all defined and belong

w, i)

;s we show, by induction on



i=0,...,p that ol (u) = i (u) for all j = 1,..., 6"

(wO)( )

Initial case i = 0. Using the definitions of « and 05“’), we get

al () = s = 6 (DW) = gD " .. b))

0 (w(sy),... ,w(s,))

J
a® (w) = B :
a;(w) = a; "’ (u) since u extends w.

Inductive step: from 0 <1i—1 < p,, to i. We have
w,t w,t w,0 w,0 w,i—1 w,i—1
") = 67 (B ) B o B0 5 )
i—1

By induction hypothesis, for i’ < 1, oz;w’i/)(u) = agi/+l)(u). Hence ,Bj(w’i/)(u) =

u(a§w7i/)(u)) = u(a§i/+l)(u)) = Bj(i/+1)(u). These equalities and (*) supra yield

o™ (u) = 65" ( L O O KT O R Y ))
=6} (5§0)(U),---,650 (W), B (w),..., 8 (u)) = ol ()

Finally, for by,...,b\ € B, let w = ((s1,b1), ..., (sk, b)) and set w(by,...,by)
w(“’)(bl, . 7b>\(pw))'

Finally, we can complete the wanted proof.

Proof of Theorem 3.7.

e Case k = 0. Then the function with empty graph @ is in X and the empty
constructor © = () is such that mg = {0} and satisfies the wanted conclusion.
For k > 1, we argue by induction on k.

e Initial step of the induction: k = 1. Apply Proposition 3.14.

e Inductive step: going from k — 1 to k (with k > 2). If @ is constant then the
conclusion of the theorem is obviously true. Suppose @ is not constant and let
S be as in Proposition 3.15: S has at most 2k — 1 elements and the domain
of every u € Xg, meets S. By Proposition 3.17, ) is (k — 1)-bounded for
every w € BY. The induction hypothesis yields a constructor ©(*) such that
o) = Qg | BA and p, = max(0,(k —1) —1) = k — 2 (recall k > 2)
and 551‘)) =2((k—1)—4)—1fori=0,...,py. Now, & and () coincide on
[w] by definition of ). Applying Proposition 3.18, we get a constructor ©
such that @ = 2o | BA. Finally, p = 1 + max{p,, | w € B} = k — 1 and
6; = max{f\") | w e BS} =20k —1—(i—1)) — 1 = 2(k — i) — 1. Lastly,
K=Y = Y20 2(k — i) — 1 = k2 and so 7 is a deterministic &-
family Wthh is k2- bounded |

ol

4 Topology and bounded information

For the notion of uniformity on a space and the related classical results, we refer
to Kelley’s classical textbook [9].



4.1 The bounded uniformity on Baire like spaces
Proposition 4.1. To any deterministic bounded covering @ of B4, associate

Ur ={(f,9) € BA x BA| f, g eatend the same function of 7}
= Unenlt] x [u] (cf. Notation 1.2)

1. The family B of all U, ’s is the basis of a transitive uniformity on B*. We
call it the bounded information uniformity.

2. The product topology (of the discrete topology on B) is associated to the
bounded information uniformity.

The bounded information uniformity is the right topological tool to characterize
functionals using bounded information.

Theorem 4.2. Endow B with the discrete uniformity and B* with the bounded
information uniformity. A total functional & : B4 — B is uniformly continuous
if and only if it uses uniformly bounded information.

4.2 Curryfication and linear uniform continuity

Definition 4.3. Endow B* with the bounded information uniformity. We say
that a total functional ¥ : B4 — B is linearly uniformly continuous if

Jk VLeIN V L-bounded covering m 3 kl-bounded covering w'
Vf,g € NN ((f,9) € Un = (¥(f),%(9)) € Ux)

Proposition 4.4. Let ¥ : BA — B4 be a total functional. Endow B with the
discrete uniformity and B* and N4} with the bounded information ones.

1. If ¥ is linearly uniformly continuous then it is uniformly continuous.

2. W is linearly uniformly continuous if and only if O : BAYATY — B is uni-
formly continuous (cf. Definition 1.3).

5 Effective uniformly bounded information

The effectivization of uniform continuity is the expected one.

Definition 5.1. A computable total functional & : BA — B is effectively uni-
formly continuous relative to the bounded uniformity on B* if the inverse image
of the diagonal of B x B contains a computable uniformly bounded covering of
B4 (in other words, if there exists a computable (P, k)-family for some k € IN).

The proof of Theorem 3.7 uses a dichotomy: @ is constant or not. This dichotomy
is used recursively with the #(®)’s. Alas, to decide whether #(*) is constant or
not requires either the halting problem as oracle or the extra hypothesis that
Xg 1 is computable. The oracle leads to non computable functions Gy)’s in the
constructor ©! The extra hypothesis fails in general for ASM functionals, the ones
we want to characterize! To get computable functions 9](-1)’5, we give a different
proof using Ramsey’s theorem. The price is a super-exponential blow-up of k.



Theorem 5.2 (Ramsey’s theorem). Let ¢ > 2. There exists a primitive re-
cursive function R : IN® — IN such that, for every coloring v of the unordered
pairs of {1,...,R(n1,...,n.)} into ¢ colors 1,... ¢, there exist a color i and a
subset X, with n; elements such that all pairs in X, have color i.

The following Lemma is the key of the proof of Theorem 5.4.

Lemma 5.3. Let & : BAY — B be a total functional using k-bounded informa-
tion. Let (v;)i=1,...1, (Wi)i=0,....1. be sequences in S;?;B such that, for all i,

1. v; € X1 and Domain(w;) = Domain(v;),
2. ifi < j then w; and v; agree on the common part of their domains,
8. wog,...,wr pairwise agree on the common part of their domains.

Suppose L > R(no,...,ny), the Ramsey number where n, = 1+ (lz)(k +1) for
¢c=0,...,k—1 and ny = 2. Then P is constant on [w] where w = wo®. .. Pwy,.

Proof. For 1 < i < j < L let v(4,5) be the number of elements in Domain(v;) N
Domain(v;). This function + is a coloring of {1,..., L} into k+1 colors 0, ..., k.
Since the vy’s have < k elements in their domains, v is a coloring of pairs in
{1,...,L} into k+1 colors 0, ..., k. The hypothesis on L and Ramsey’s theorem
5.2 insure the existence of a color ¢ and a subset X of {1,...,L} having n.
elements (cf. formula (*) supra) on which all pairs have color ¢. We argue on c.
e Case ¢ = k. Since ny = 2 there are ¢ < j such that Domain(v;) = Domain(v,).
Now, by definition, since @ < j, v; and w; agree on the common part of their
domains. Since Domain(w;) = Domain(v;) we have w; = v;. Since v; € Xg, we
see that @ is constant on [w;] hence is constant on [w].

e Case 0 < ¢ < k. The v;’s, i € X, are functions in @, k such that the domains
of any pair of these functions have an intersection with exactly ¢ points. Let ¢
be the least element of X. For each subset D of Domain(vy) with ¢ elements,
let Xp = {i € X\ {¢} | Domain(ug) N Domain(u;) = D}. The Xp’s form a
partition of X. Since n, =1+ (lz) (k+ 1) there are (k+ 1) (’z) points in X \ {¢}.
Since there are (’2) possible subsets D, we see that there is a particular subset
D such that Xp has at least k£ + 1 elements. In particular, if i,j € Xp, i < 7,
then Domain(v;) N Domain(v;) = D. Now, all v;’s, i € Xp agree with w, hence
v; | D = wy | D. Proposition 3.13 insures that @ is constant on wy [ D. A fortiori,
@ is constant on [w].

Main Theorem 5.4. There exists a primitive recursive total function L : IN —
IN having the following property. Suppose @ is a computable total functional
BA — B and 7 is a computable (®, k)-family for some k € IN. Then there exist
elements s1,...,s; in A, computable total functions Hj(-i) : B* — A, with i =
1,...,L(k), j = 1,...,k, and a computable total function w : BATLEE . B
such that ® = Qg | BA and mg is a (P, k(1 + L(k)))-family, where © is the
constructor @ = (51, ey Sk 951), ey 9,21)7 . ,GgL(k)), . ,QI(CL(k)),w

2. The above result is uniform in &, 7 : if & and ® depend computably on a

parameter m € IN then w and the s;’s, 9;“ ’s are uniformly computable in m.



Proof. Let (u;);en be a computable enumeration of 7. Let L(k) be the Ramsey
number L of Lemma 5.3. We fix some computable total ordering on A and
define by induction on 7 > 1 the s;’s and 9§-i)’s, together with p; : B* — IN.
Let b = (by,...,bg(L(k)+1) € BRI+ Tet us denote by blik the sequence
(b,...,bix) € B™. We define inductively the 0\ (blik).

1. Choose sq,. .., s (non necessarily distinct) such that {si, ..., sx} = Domain(ug).

2. Let p1(blk) be the least integer ¢ such that u, and (sg,bx) ® ... ® (s1,b1)
agree on the common part of their domains (recall Definition 1.1 and observe
the inversion done in the sequence) and let le)(b|k:), ce 9,(61)(b|k) (non nec-
essarily distinct) be such that {9§1)(b|k‘), ce 9,(61)(b|k)} = Domain(u,, (b|k))-

3. Suppose the 9§-i/)(b|i’k)’s7 and the py, , 's have been defined for i’ < 4.

Let us write S;p4j = 9§-i/)(b|i’k). Let p;(blki) be the least integer ¢ such
that uy and (s;x, big) D ... ® (s1,b1) agree on the common part of their do-
mains and let 6" (b|ik), . .., Gél)(bﬁk) (non necessarily distinct) be such that
(61 (b]ik), ..., 65" (blik)} = Domain(u,, (bjir))-

Let v; = wup,blik) and w; = ((Sikyk, bikyr) © ... © (51,b1)) [ Domain(v;). Then
all conditions of Lemma 5.3 are satisfied: Domain(v;) = Domain(w;), the w;’s
pairwise agree (due to the inversion in the @ sum) and w; agrees with v; for
i < j by definition of p;(b|jk). Thus, ¢ is constant on wyr) © ... ... wp. Since

Domain(wg ) is the set of the 9;)(b|ik)’s, we see that @ is constant on all u € 7g.
Finally, we show that the values of @ are given by some computable w. Define
w as follows. Let ¢ : A — B be any constant function. For b € BFE(HE)+1) et
U= W) Dovvn @ wp be as above and let fp = ¢ ® u and set w(b) = D(fp).
By the above analysis, we know that @ is constant on [u]. Since fp € [u], this
constant value is given by w(b). To conclude, recall that @ is computable and
observe that fp is a computable function, uniformly in b, hence 6 is computable.

Corollaries 3.8 and 3.9 have effective versions.

Corollary 5.5. Suppose & : B4 — B is a computable total functional. The
following conditions are equivalent.

1. @ is effectively uniformly continuous.

2. & admits a computable uniformly bounded ®-family.

3. @ admits a computable deterministic uniformly bounded ®-family.

4. & = Qg | BA for some computable constructor © as in Definition 3.4.

Corollary 5.6. If a total functional  : B* — B is computable and effectively
uniformly continuous then there exists a computable total functional ¥ : B4 —
FA=B such that,

(a) W is computable and effectively uniformly continuous.

(b) The range of ¥ is a computable deterministic uniformly bounded W¥-family
and D-family, i.e. for all f € B4, W and ® are constant on [¥(f)].

(c) For all f € BA, f € [W(f)].



6 Characterization of ASM functionals

Proposition 6.1. Let T = Hi:l,...,n BIAT‘ be a product of function spaces where
the A;, B;’s are countable. Let A, B be the disjoint sums of the A;’s and the
B;’s respectively, so that B4 is a (proper) subset of T. Let ® : T — C a total
Junctional which uses k-bounded information. Then there exists a total functional
& : BA — C which also uses (k + 1)-bounded information and is such that
=0 I'T. Moreover, if @ is computable and admits a computable (P, k)-family
then @ is computable and admits a computable (5, k)-family.

Main Theorem 6.2. Let T = Hi:l,...,n Bfi be a product of function spaces
where the A;, B;’s are countable. Let W : T — T be a total functional. The
following conditions are equivalent.

1. ¥ uses uniformly bounded information.
2. There exists an ASM on the sorts occurring in T (with a suitable static
framework) such that ¥ is exactly the functional associated to this ASM.

Moreover, if ¥ is computable and effectively linearly uniformly computable (i.e.
there is some computable uniformly bounded OW-family) then the static frame-
work of the ASM consists of computable functions.

Proof. Use Theorems 3.7, 4.2, 5.4 to ov.
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1 Introduction

1.1 Roadmap

We consider deterministic sequential algorithms working with countable data
structures. Here sequential means discrete time plus uniformly bounded
action (as opposed to “wild” parallel action). This a priori quite informal
notion of algorithm has been convincingly modelized around 1984 by Yuri
Gurevich with Abstract State Machines (aka Evolving Algebras), see [8, 9,
10, 11, 12, 13]. A (deterministic) ASM consists of the following data.

e A multisort logical functional structure MM = (M, ..., M,; £, ..., )
on a so-called static functional vocabulary (fi,...,f,). This static
vocabulary is typed: types are of the form Mj or M;, x...x M; — M,.
The interpretations fi’s respect the types of thef;’s.

e A so-called dynamic functional vocabulary which is similarly typed.



e An ASM program consisting of assignments f(t1,...,t;) := u where f is
a dynamic symbol and the t;’s and u are ground terms constructed with
both vocabularies, conditionals and finite blocks of such instructions.

A state of an ASM is an interpretation of the dynamic vocabulary. A run
of an ASM is a sequence of states obtained from the first one (the “initial”
state) by iterated application of the ASM program. Thus,

e The base set of the structure and the interpretations of the static sym-
bols are fixed. They represent the framework of the algorithm and the
primitive operations “given for free”, let them be computable or not.

e The interpretations of the dynamic symbols vary from state to state.
They represent the dynamic environment of the algorithm.

In this way, an algorithm appears as a static framework plus a functional
mapping the interpretations of the dynamic symbols in some state into the
interpretations in the next state (obtained by application of the ASM pro-
gram). This functional is of the form ¥ : T — T with

=] ((H M;) — M&)

el JjeJ;
where [ and the J;’s are finite multisubsets of {1,...,n} (recall n is the
number of sorts of M), and the ¢;’s are in {1,...,n}.

Let k be the total number of occurrences of dynamic symbols in the terms
of the ASM program. Governed by the ASM program, the ASM functional
has the following properties:

(1)x It modifies its argument £ = (f1,..., f,) on a set X¢ of at most k points.

(2)r The points of Xt and the new values of f on them depend only on the
values of f on a set Y; of at most k points. In other words, the modulus
of continuity is k-bounded.

In this work, we show (Theorems 3.7, 6.2) that any functional ¥ satisfying
properties (1) and (2); is an ASM functional. More precisely, one can find
some ASM static framework on the multisort domain (M, ..., M,,) such that
properties (1)g2 and (2)z2 hold in an ASM-like way: the &? points of X; and
the new values of f on them are given by ground terms built with f and the
ASM static framework, cf. Theorem 3.7, Corollaries 3.8, 3.9. This k — k2
blow-up cannot be improved (cf. Proposition 3.3).

This characterization can also be seen as a topological one using a particular



transitive uniformity compatible with the usual product topology on function
spaces. Namely, ASM functionals ¥ : T" — T are exactly those for which,
for some k, there exist 2k uniformly continuous functionals A;, B; : T' — M;
such that

U(f)(z) :{ Bi(f) if v = Ai(f) for somei=1,...k

f(z) otherwise

A variant topological characterization uses a notion of “linear” uniform con-
tinuity of W.
All these results hold in an effective version (Theorems 5.4, 6.2) with func-
tionals associated to ASMs with computable static functions. However, the
blow-up k + k? becomes a super-exponential blow-up since we have to use
a completely different proof involving Ramsey’s theorem about k-colorings.
As a perspective work (in progress), these results seem to also apply to
parallel algorithms, cf. Blass & Gurevich [1, 2].

1.2 Conventions and notations

Convention. The notation f : A — B is used for total functions from A to
B whereas u : A —B is used for partial functions. In practice, we shall have
A=Nor A=NU{T} and B = N. We shall use letters ®, ¥ as respective
names for functionals ® : B4 — B and ¥ : B4 — B4,

Definition 1.1. 1. If&¢,n: A —=B are partial functions, we let E&n: A =B
be the partial function such that Domain({@n) = Domain(£)UDomain(n), £&n
extends n and (£ ®n)(x) is equal to {(z) if + € Domain(§) \ Domain(n).

2. We write (a,b) for the function with domain {a} which maps a onto b
and ((ay,b1), ..., (an,by)) in place of (a1,b1) ® ... DB (an,by).

Definition 1.2. 1. 478 (resp. FA=B) is the family of all partial functions
A — B with finitely many (resp. at most k) points in theirs domains. If
u € FATB, we let [u] be the set of total functions A — B which extend wu.
If ay,. .., ay, are distinct, we let ((a1,b1),. .., (an,by)) be the partial function
u € FA=B with domain {ai, ..., a,} such that u(a;) = b; fori=1,...,n.

2. We write §, §x when A=B=Nand§', § when A=NU{T}, B=N.

Definition 1.3 (Curryfication). 1. If ¥ : B4 — B4 is a total functional, we
denote by OV the total functional OV : (B4 x A) — B such that (0¥)(f,a) =
U(f)(x) for all f € BA and a € A.
2. We identify A with {T} — A and B* x A with BAYT} | and 0V with a
total functional OV : BAYTH 5 B.



2 Continuity and finite information

First, we reformulate continuity of functionals in terms of how much infor-
mation is used to compute their values. The core of the paper is to replace
“finite” by “at most k7.

Definition 2.1. We use Definitions 1.2, 1.5.

1. A covering ™ of B4 is a subfamily of 478 such that B* = Userlu]. A
covering T is deterministic if the [u]’s, u € w, are pairwise disjoint, hence
form a partition of BA. 1. A covering m of B4 is a subfamily of FA~F such
that BA = J,c.lul. A covering 7 is determanistic if the [u]’s, u € m, are
pairwise disjoint, hence form a partition of B4,

2. Let ® : BA — B be a total functional. A [deterministic] ®-family is
a [deterministic] covering m such that ® is constant on [u] for every u €
. We say that ® uses [deterministic] finite information if there exists a
[deterministic] ®-family.

2. Let U : BA — BA be a total functional. A [deterministic] U-family
is a [deterministic] OV-family. We say that ¥ uses [deterministic] finite
information if so does OV.

Proposition 2.2. A total functional ¥ : B4 — B4 uses finite information
if and only if so does, for each a € A, the B* — B functional f — V(f)(a).

Using finite information is a mere reformulation of continuity.

Proposition 2.3. Let A be N or NU{T} and B be a countable set with at
least two elements (in practice N or {0,1}). On B we consider the discrete
topology and on B4 we consider the usual product topology for which the
family of sets [u], u € FA™N, constitutes a basis of open sets. For a total
functional BA — B or BA — B4, the following conditions are equivalent.

(i) to be continuous.
(i) to use finite information.
(iii) to use deterministic finite information.

Proof. We treat the case ® : N¥ — N. Implication (iii)=-(ii) is obvious.
(i)<(ii). @ is continuous if and only if, for every f € NY, there exists an
open set hence also some u € § such that f € [u] and ® is constant on [u].
(ii)=-(iii). In Definition 2.1 one can require that the domain of each u € 7 is
an initial finite segment of N : if not, replace u by all its possible extensions to
{0, ..., max(Domain(u))}. A deterministic ®-family is the family of functions
u € § with domain an initial segment of N such that ® is constant on [u]
and which are minimal with respect to function extension. O



3 Uniformly bounded information

3.1 From finite to uniformly bounded information

Definition 3.1. Let ® : BA — B be a total functional.

1. Let k € N. A [deterministic] k-covering © of B is a [deterministic] cov-
ering (cf. Definition 2.1) included in Fi—B. A covering is uniformly bounded
if it is a k-covering for some k € N.

2. A (D, k)-family [(®, bounded)-family] is a ®-family which is a k-covering
[uniformly bounded covering]. We say that ® uses [deterministic] k-bounded
information if there exists a [deterministic] (®,k)-family. & uses [deter-
ministic] uniformly bounded information if it uses [deterministic] uniformly
bounded information.

Example 3.2. A trivial example of a deterministic k-covering of NV is that of
all functions having some fixed domain {si, ..., s;} with k elements. A less
trivial example, with & = 2, is the family of all functions v with graph of
the form {(a,y), (A(y), 2))} (in other words, Domain(u) = {a, 8(u(a))}) where
a € Nand 6 : N — N are fixed but y, z vary in N.

The analog of equivalence (ii)<>(iii) of Proposition 2.3 fails with respect to
bounded information. The next result shows that, in general, the existence
of a (®,k)-family does not imply that of a deterministic (®, k)-family. A
quadratic blow-up is unavoidable (it is also is sufficient, c¢f. Theorem 3.7).

Proposition 3.3. There exists a total functional ® : NY — {0, 1} which uses
k-bounded information and deterministic k*-bounded information but cannot
use only deterministic (k* — 1)-bounded information.

Proof. We write n = {0,...,n — 1}. Let

0 if f(ik)=flik+1)=...=f(ik+(k—1))=0
o(f) = for some i €{0,...,k—1}

1 otherwise

To see that ® uses k-bounded information, observe that

o0) = | J [(ik,0), (ik + 1,0),..., (ik + (k — 1),0)]

0<i<k

@_1(1) - U [(Jo, a0), (k +J1,a1), ..., (K — 1)k + jr—1, ax—1)]
050, dp—1 <k
QA0 yeeey ak_17£0

Since ®(f) depends only on the values of f on k2, there is an obvious de-
terministic (®, k?)-family, namely N¥* (i.e. all functions with domain k2).

6



We now show that there is no deterministic (®, k? — 1)-family . Suppose,
by way of contradiction, that there is such a m. The idea of the proof is to
go from 7 to a “finitary” family 7" of partial functions k? — {0,1} having
domains with exactly k% — 1 points and then use a counting argument to get
a contradiction. For a partial function u : k* — {0,1}, let [u] be the set
of total functions k? — {0,1} which extend u. For u € 7, let w2 be the
restriction of u to Domain(u) Nk?. We face a problem: [u] N [v] = () does not

imply [ugz] N [vg2] = 0. This is why we consider
A={fec{0, 1}V f(z) =0 for all x > k*} , 7o = {u € 7 | [u] meets A} .

Clearly, A=/ [u] N A and every u € w4 takes values in {0, 1} and takes

value 0 on {z € Domain(u) | x > k?}. In particular, the [ug2]’s, u € 74, are
pairwise disjoint and their union is {0, 1}¥*. Also, the domain of each wuyz
has at most k% — 1 points. Lastly, since ® is constant on [u], for u € 7, and
®(f) does depend on the sole values of f on k2, ® is also constant on [uy2].
For e = 0,1, let F. = {f [k? | f € ®'()}. Then F. is a union of some

UET A

[upz]’s, u € ma. Thus, 7 = {2 | u € T4} is a family of partial functions
v: k* — {0,1} defined on at most k* — 1 points such that Fy and Fy are
disjoint unions of some [v]’s. For each v € 7/, choose a set S with k% — 1
points such that Domain(v) C S C k? and replace v by all its extensions to
S. In this way, we get a family 7” such that Fy and [y are disjoint unions
of some [w]’s with w € 7”. To conclude, let us do some counting. A total
function « : k? — {0,1} is in F} if and only if, for every i = 0,...,k — 1,
a | {ik,ik +1,...,ik + (k — 1)} is not the constant function with value 0.
Thus, the cardinality of Fy is (2¥ — 1)* and that of F, is 2" — (2F — 1)k,
Observe that these numbers are odd. However, each [v], for v € 7, contains
exactly 2 elements because there is only one point in k? \ Domain(v). Thus,

as a disjoint union of some [v]’s with v € 7", both Fy, F] contain an even
number of elements. Contradiction! O

3.2 Constructors

The next Definition and Lemma extend the idea of Example 3.2 to get simply
definable deterministic bounded coverings of B4.

Definition 3.4. 1, A constructor is a tuple
O =(s1,...,50, 01,00, . 00 0P w)

where, letting \(i) = S =" 0, fori=1,...,p, and \ = > im. p N9,

m=0

7



(i) p,lo,l1,.... 0, eNand l;=0=l;;1 =0 fori=0,....,p—1,
(ii) the s;’s are elements of A (the seeds of the constructor),
(iil) the Qj(«i) s are total functions 6’]@ BN 5 A,
(iv) w is a total function w : B* — B.
2. To © we associate partial functionals, for 0 <i<p and1 < 5 </¥;,
a’:(A=B)—~A Y. (A=B)—~B Q¢:(A—B)—B

J J

inductively defined as follows: for j € {1,...,4;}, £ € 4B,

o€) = 5, O = &) fori=0,....p

a0 = 8 () fori=1,....p
G=1, b
%6) = o ((BO),.

3. u € FAB is O-good if Qg is defined, i.e. if all aéi)(u) s are defined and
Domain(u) contains sg(u) = Uz‘:o,...,p{O‘;’i) &) 11<j<4} .

The following result is straightforward.

Proposition 3.5. Let © be a constructor as in Definition 3.4. A partial
function u is minimal among ©-good functions relative to function extension
if and only if Domain(u) = sg(u).

Lemma 3.6. The family e of minimal ©-good functions is a deterministic
(D" Um) -covering.

Proof. Clearly, the domain of every u € mg has at most > _"—p ¢, elements.
To see that me is a covering, observe that every f € B“ extends s(f). To
see that mg is deterministic, we show that any two distinct ©-good func-
tions u, v are necessarily incompatible. In case there exists (i, j) such that
aéi) (u) # OJJ@ (v), consider the minimum such 7. Since 045-0) (u) = a§-0) (v) = sy,
gl)(u) is obtained as 9]@ applied to the agf,)(u)’s

and the ﬁ](.f/)(u)’s with 0 < ¢ < i and 1 < 5/ < ¢y. Idem with aj(»i)(v).

Inequality ay) (u) # ay) (v) insures an inequality between some correspond-

we have ¢ > 1. Now, «

ing arguments in 9](-i) when computing with v and v. Since ¢ is miminum,

for i < i and 1 < j° < /s, we have aéf/)(u) = ozg.f/)(v) so that the cor-

responding arguments have to be ﬁ](.f/)(u) and 5](.f/)(v) for some 7', j’. Now,
(") _ @ (") _ () (") _ (i)

oy’ (u) =y’ (v) and B (u) = u(ag " (u)) and B, °(v) = v(a;’(v)), so that

J J J
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inequality B}f,)(u) -+ ﬁj(f/)(v) proves that v and v are incompatible. Finally,

in case ay) (u) = oz;.i) (v) for all 4, j’s then u, v have the same domain and the

condition u # v requires that they are incompatible. O

3.3 Main theorem on uniformly bounded information

We can now prove that Proposition 3.3 is optimal: a quadratic blow-up is
sufficient for determinization. This is the first main theorem of the paper.

Main Theorem 3.7. If the total functional ® : BA — B uses k-bounded
information then it uses deterministic k*-bounded information and there ex-
ists a constructor © as in Definition 3.4 such that ® = Qg | B4 and g is a
deterministic (®, k?)-family and
(a) if k = 0 then © is reduced to (w) and wg is the singleton family con-
sisting of the function with empty domain,
(b) ifk>1thenp=k—1and {; =2(k—1i)—1 fori=0,...,p.

As immediate corollaries, we get.

Main Corollary 3.8. Suppose ® : BA — B is a total functional. The
following conditions are equivalent.

(1) ® uses uniformly bounded information.
(2) ® uses deterministic uniformly bounded information.

(8) There exists a constructor © as in Definition 3.4 such that ® = Qg |
B4,

Proof. The sole non trivial implication is (1) = (3) which is Theorem 3.7. [

Main Corollary 3.9. If a total functional ® : B4 — B uses k-bounded
information then there exists a total functional ¥ : BA — ]-“,;‘;AB such that,

(a) For all f € BA, U and ® are constant on [V(f)]) and f € [U(f)].
Thus, the range of ¥ is a deterministic uniformly bounded V-family
and ®-family.

(b) W is uniformly continuous.

Proof. Let © be given by Theorem 3.7. Set

U(f) = flse(f) =f1 U P 1<i<uy



where the agi)’s are constructed as in Definition 3.4. Then the family of
U(f)s, f € NV is exactly mg, which proves (a), (c) by Theorem 3.7). Finally,

the computation of W(f) does not use the value of f on al?) (recall £, = 1),

it only uses the values of f on the ozg-i)(f)’s fori=0,...,p—1. Thus, ¥ uses
only deterministic (k* — 1)-bounded information. O

3.4 Proof of Theorem 3.7

It is easy to see that the proof given for Proposition 3.3 does not preserve

boundedness, a different argument is required to prove Theorem 3.7. We

shall argue by induction on £ > 1, the case k = 0 being special and trivial.
First, we introduce convenient notation and prove some auxiliary results.

Definition 3.10. Suppose ® : B4 — B is a total functional. We let Xo
[Xo ] be the family of partial functions u : N — N such that ® is constant
on [u] and Domain(u) is finite [has at most k elements]. We let pg : Xo — N
be such that, foru € Xo, po(u) is the common value of all ®(f)’s for f € [u].

Proposition 3.11. If ® uses k-bounded information (k > 1) then Xoy is

infinite.

Proof. If X4 contains the empty domain function, then X¢;, = S?AB.
Else the restrictions in Xg, of the constant functions in B4 are pairwise
distinct. n

Proposition 3.12. Ifu,v € X¢ agree on Domain(u) N Domain(v) (in partic-
ular, if v extends u or if they have disjoint domains) then pg(u) = ve(v).

Proof. Consider f € N which extends both u and v. Then ®(f) = ¢g(u)
and ®(f) = pe(u) hence g (u) = po(v). O

The following result will be used for effectivization to prove Lemma 5.3.

Proposition 3.13. Suppose ® uses k-bounded information, uy, ..., ugy1 in
Xox, D C A, v € BP are such that D = Domain(u;) N Domain(u;) for all
i<jandu;|D=wv foralli’s. Then ® is constant on [v].

Proof. Applying Proposition 3.12, we see that pe(u;) = ... = pe(ugs1). Let
f € [v]. Then f € [u] for some u € Xg . Since Domain(u) has at most k
elements there exists ¢ such that Domain(u) N Domain(u;) € D. Since u,u;
agree with v on D, Proposition 3.12 insures ¢ (u) = po(u;) = @o(uq). Thus,
O(f) = pa(u1), so ¢ is constant on [v]. O

The next Proposition gives the case k = 1 of Theorem 3.7.
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Proposition 3.14. If & : B4 — B is a total functional using 1-bounded in-
formation then for every s € Uuqu) . Domain(u), the functional ® is constant
on [u| for every u with domain {s} (in other words, letting © = (s), mo is a

(P, 1)-family).

Proof. Case 1: the function O with empty domain is in Xe1. Then @ is
constant. Though an empty © is OK, we can also set © = (s) for any s.

Case 2: ® is not constant. Then all functions u € X4, have a one element
domain. By Proposition 3.12 with £ = 1, no two of these domains can be
disjoint. Thus, all u’s in X have the same domain {s} for some s. O

Proposition 3.15. Let ® : B4 — B be a k-bounded total functional. If ®
is not constant then there exists a set S with at most 2k — 1 elements such
that the domain of every partial function u € X¢ meets S.

Proof. Since @ is not constant so is . Let u,v € Xg j be such that o (u) #
¢va(v). Set S = Domain(u) U Domain(v). Applying Proposition 3.12; we see
that Domain(u) and Domain(v) are not disjoint so that S has at most 2k — 1
elements. Also, if w € X4 then pg(w) is different from at least one of ¢g(u)
and ¢ (v) hence Domain(w) meets S. O

Definition 3.16. Suppose ® : B4 — B is a total functional and S C A is
finite and w € B%. We let ®™) : BA — B be the total functional such that
W) (f) = ®(f ©w) for every f € BA.

Proposition 3.17. Let ® : B4 — B be a total functional using k-bounded
information. Suppose that there is a non empty set S such that the domain

of every function u € Xgj, meets S. Then, for every function w € N¥, the
total functional ®™) : BA — B is (k — 1)-bounded.

Proof. For f € B, apply the hypothesis on ® to foplusw (cf. Notation 1.1)
to get some u € Xg such that f @ w extends u. Let u be the restriction
of u to Domain(u) \ S. Observe that f extends u. Thus, to prove that &)
uses (k — 1)-bounded information, it suffices to show that @ € Xgw) ;. The
hypothesis on ® and S insures that Domain(u) meets S. Since Domain(u) has
at most k elements, there are at most k— 1 elements in dom(u). It remains to
show that ®*) is constant on [u]. Let f,g € [4]. Since w is compatible with
u hence with u, both f @ w and g ® w extend u and w hence both extend wu.
Since u € Xy, we have ®(f @ w) = ®(g ® w) hence W) (f) = dW(g). O

Proposition 3.18. Let S be a finite non empty subset of A and , for every
w € BY, let ®™) : BA — B be a total functional and

w w w w,l w,l W, Pw W, Ppw w
00 = (s, sl oY e et W)
0 1 Pw
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be a constructor as in Definition 3.4 such that ®™) is constant on [u] for
every ©,- good partial function u. Let ® : B4 — B be the unique total
functional such that, for every f € B4, ®(f) = ®US)(f). Suppose that there

exists some K € N which majorizes all p™)’s and ng) s, for w € B and
0<i< Ep(w. Then there exists a constructor

o — (31,.,.,%,9?),...,92%...,9?%...,eg),w)

as in Definition 3.4 such that ® =Q ¢ | B4 and
(i) {s1,---,80} =9,
(i) p=1+max{p, | w € B}, {; = max{égq;”)l | pw > i—1} fori=1,...,p.

Proof. Let p, the s;’s and ¢;’s be as given by clause (ii). First, we define the
total functions 0§2)’s, i =1,...,p. Given >.7=2""(; elements bgz) of N, for

t=1,...,p, we get a tuple which can be an input for the Oﬁi)’s:
i 0 0 i—1 i—1
DY =, o0, o bV Y)

For w € B% and 1 < i < p,,, we consider the tuple obtained from D® by
removing the first blocks of b’s and trimming blocks of length ¢; to length
fgi”)l, so as to get a tuple which can be an input for the 0](1”’2_1)’8:

b(ifl)

AR 65111)1)

E(w,i—l) _ (b(l) b(l)

(i-1)
1’...7€§)w>, ceey bl
We are now ready to define the Hj(»i)’s.

Let w € B® be such that w(s;) = bgo),..., w(se,) = bég). Then, for i =
1,...,pand 1 < j < /{;, we set

| )" ifi=1,j <
(x)  6(DO) = { gIDECD) i1 <i—1<p,, j <)
b\ if i — 1> py 0rj>€l(-f)1

Now that the HJ(-i)’s are defined, let us prove that ® is constant on [u] for
every u € mg. Let f,g € [u], we have to prove that ®(f) = ®(g). Since the
seeds of © are S = {si,..., Sy}, the domain of u contains S. Let w be the
restriction of u to S. The hypothesis of the Proposition insures that ¢ and
®™) coincide on [w]. In particular, they coincide on [u] hence ®(f) = ®®)(f)
and ®(g) = ®®)(g). Since u € 7, the ozgi)(u)’s fori=0,...,pand 1 <j <
¢;, are all defined and belong to Domain(u). Now, arguing with ®®) and the
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D () = o™ (u) for

a}”’i)’s, we show, by induction on i = 0, ..., p, that aé i

all j=1,...,0M.
Initial case i = 0. Using the definitions of aéw’o) (u) and 601", we get

a§w,0) (U) _ S§w) —_ 9](1) (D(l)) = @
= 951 (w(sl)v cee 7w(850))

w,i w,e w,0 w,0 w,i—1 w,i—1
af"(u) = 6 >(ﬂ£ W), B (), BT ), B ><u>)

)

By induction hypothesis, for i’ < i, agw’i,)(u) = a§il+1)(u). Hence B](-w’i,)(u) =

u(ag.w’i/)(u)) = u(aylﬂ)(u)) = ﬁj(.iurl)(u). These equalities and (*) supra yield
)
o (5§0>(u), B0, 8P ), ,@?(u))

i+1
= oz; )(u)

) = 6 (8000, B 0 B0 5 )

Finally, for by,...,by € B, let w = ((s1,b1), ..., (Sk, bx)) and set w(by, ..., b)) =
w(w)(bl, PN vb)\(pw))' [

Finally, we can complete the wanted proof.
Proof of Theorem 3.7.
e Case k = 0. Then the function with empty graph ) is in X¢ and the empty
constructor © = () is such that 7¢ = {0} and satisfies the wanted conclusion.
For k > 1, we argue by induction on k.
e [nitial step of the induction: k = 1. Apply Proposition 3.14.
e Inductive step: going from k—1 to k (with k > 2). If ® is constant then the
conclusion of the theorem is obviously true. Suppose ® is not constant and
let S be as in Proposition 3.15: S has at most 2k —1 elements and the domain
of every u € Xg, meets S. By Proposition 3.17, ®™) is (k — 1)-bounded
for every w € B®. The induction hypothesis yields a constructor O™ such
that &™) = Qg | B and p,, = max(0, (k — 1) — 1) = k — 2 (recall k > 2)
and (') =2((k—1)—d)—1fori=0,...,p,. Now, ® and ™ coincide on
[w] by definition of ®™). Applying Proposition 3.18, we get a constructor ©
such that ® = Qg | BA. Finally, p = 1 + max{p, | w € BS} = k — 1 and

13



6 =max{f™) |we B} =20k —1—(i—1)—1=2(k—1i)— 1. Lastly,
K =7 =20 "2k —i) — 1 = k% and so 7e is a deterministic
®-family which is k%-bounded. a

4 Topology and bounded information

For the notion of uniformity on a space and the related classical results, we
refer to classical textbooks (Bourbaki or Kelley’s [3, 14]) and the Appendix.

4.1 The bounded uniformity on Baire like spaces

Proposition 4.1. To any deterministic bounded covering ™ of B*, associate

U. = {(f,9) € B x BA| f,g extend the same function of 7}
= Uyerlu] x [u] (cf. Notation 1.2)

1. The family B of all U, ’s is the basis of a transitive uniformity on BA. We
call 1t the bounded information uniformity.

2. The product topology (of the discrete topology on B) is associated to the
bounded information uniformity.

Proof. Point 1 is a straightforward consequence of Proposition A.7. For point
2, we shall use the fact that a basis of the topology associated to the bounded
information uniformity is obtained by taking sections Ur|f = {g | (f,g) €
U,} where m varies among deterministic bounded covering and f varies in
BAIf f € [u] and u € 7 then Uy|f = [u]. To conclude, observe that every
partial function v : A =B with finite domain belongs to some deterministic
uniformly bounded covering . O

The bounded information uniformity is the right topological tool to char-
acterize functionals using bounded information.

Theorem 4.2. Endow B with the discrete uniformity and B4 with the
bounded information uniformity. A total functional ® : B4 — B is uni-
formly continuous if and only if it uses uniformly bounded information.

Proof. Since we consider the discrete uniformity on the range set B, ®
is uniformly continuous if and only if the inverse image of the diagonal
(@, @)1 ({(b,b) | b € B}) is an entourage of the bounded information unifor-
mity, i.e. contains an entourage U, where 7 is a uniformly bounded covering.
This means that there is a deterministic uniformly bounded covering m such
that, for all f,g € B4, if (f,g) € Uy then ®(f) = ®(g). Now, (f,g) € Ux
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exactly means f,g € [u] for some u € 7. Thus, ® is uniformly continu-
ous if and only if ® uses deterministic uniformly bounded information. To
conclude, apply Corollary 3.8. O

4.2 Curryfication and linear uniform continuity

Definition 4.3. Endow B* with the bounded information uniformity. We
say that a total functional ¥ : B4 — B4 is linearly uniformly continuous if
the following condition holds:

dk VYl eN V (-bounded covering m 3 kl-bounded covering w’
Vf,g € NV ((f.g) € Un = (¥(f),¥(9)) € Uy)

Proposition 4.4. Let ¥ : B4 — B4 be a total functional. Endow B with
the discrete uniformity and B* and N4} with the bounded information
ones.

1. If U s linearly uniformly continuous then it is uniformly continuous.

2. VU is linearly uniformly continuous if and only if O : BAYTY — B s
uniformly continuous (cf. Definition 1.3).

Proof. Point 1 is obvious. We first prove the = implication in Point 2.
Suppose V¥ is linearly uniformly continuous with the constant k. For a €
A, let m, be the deterministic 1-bounded covering of all partial functions
A — B with domain {a}. Linear uniform continuity insures that there
exists a deterministic k-bounded covering 7/, of B4 such that, for all u € 7/,
f = Y(f)(a) is constant on [u] . Then OV is constant on [u @& (T, a)] where
u@® (T,a) is the extension of u to Domain(u)U {a} which takes value a on T.
The family 7 of all u® (T, a), where a € A and u € 7}, is then a deterministic
(k + 1)-bounded 0W¥-family. By Theorem 4.2, 0¥ is uniformly continuous.

For the converse = implication, suppose OV is uniformly continuous and
let 7 be a deterministic k-covering of BAY{T} such that O¥ is constant on
[v] for every v € 7. Lifting k to k + 1, we can suppose that every v € 7
is defined on T. Let 7 be a be a deterministic ¢-covering of B#. For each
u = ((ar,b1),...,(ap,by)) € m with p < ¢ (cf. Notation 1.2), let 7/, be the
family of all u; @ ... ® u, such that wu; ..., u, are pairwise compatible and
w; (T, a;) € 7 and the value of OV on [u; (T, a;)]isb; foralli = 1,...,p. Set
7' = Uyuer - Since each u € 7 has a size < £ domain and each u;®(T,a;) € T
has a size k domain, we see that each function in #’ has a size < k¢ domain.
Let f € NY. There exists a unique u = ((ay,b1),. .., (as,b,)) € 7 such that
U(f) € [u]. Observe that b; = W(f)(a;) for all i. For each i =1,...,p there
exists a unique u; such that u; ® (T,a;) € 7 and f @ (T, a;) € [u; ® (T, a;)].
Since f(a;) = b; for all i, we see that u; & ... @ u, is in 7], hence in 7. Thus,
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f €[u1®...®u,). This proves that 7’ is a deterministic kf-covering of B%.
Finally W(g) € [u] for every g € [uy & ... ® up]. Thus, (¥, V)(Uy) C U, and
U is (¢ +— kf)-uniformly continuous. O

5 Effective uniformly bounded information

The effectivization of uniform continuity is the expected one.

Definition 5.1. A computable total functional ® : B4 — B is effectively
uniformly continuous relative to the bounded uniformity on B4 if the inverse
image of the diagonal of B x B contains a computable uniformly bounded

covering of BA (in other words, if there exists a computable (®, k)-family for
some k € N).

The proof of Theorem 3.7 uses a dichotomy: @ is constant or not. This
dichotomy is used recursively with the ®®)’s. Alas, to decide whether ®®)
is constant or not requires either the halting problem as oracle or the extra
hypothesis that X4 j is computable. Using an oracle leads to non computable
functions HJ@’S in the constructor ©! And the extra hypothesis about Xg x
fails in general for ASM functionals, the ones we want to characterize!

To get computable functions 9]@’5, we give a completely different proof
using Ramsey’s theorem. The price of this new proof is a super-exponential
blow-up from k to a Ramsey number involving k.

Theorem 5.2 (Ramsey’s theorem). Let ¢ > 2. There exists a primitive
recursie function R : N — N such that, for every coloring v of the unordered
pairs of {1,..., R(ny,...,n.)} into ¢ colors 1,... ¢, there exist a color i and
a subset X, with n; elements such that all pairs in X, have color 1.

The following Lemma is the key of the proof of Theorem 5.4.

Lemma 5.3. Let ® : BA — B be a total functional using k-bounded infor-
mation. Let (v;)i=1...1, (W;)i=o...1. be sequences in Fo—B such that, for all
i,

(1) v; € Xox and Domain(w;) = Domain(v;),
(2) if i < j then w; and v; agree on the common part of their domains,
(3) wo, ..., wy pairwise agree on the common part of their domains.

Suppose L > R(ng,...,ny), the Ramsey number where n. = 1 + (]Z)(k: +1)
forc =0,....,k—1 and ny, = 2. Then ® is constant on [W] where W =
WD ... Dwyr,.
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Proof. For1 <i < j < Llet~(i,j) be the number of elements in Domain(v;)N
Domain(v;). This function v is a coloring of {1,...,L} into k + 1 colors
0,...,k. Since the v,’s have < k elements in their domains, v is a coloring
of pairs in {1,...,L} into k 4+ 1 colors 0,...,k. The hypothesis on L and
Ramsey’s theorem 5.2 insure the existence of a color ¢ and a subset X of

{1,..., L} having n. elements (cf. formula (*) supra) on which all pairs have
color c. We argue on the color c.
e Case ¢ = k. Since ny = 2 there are i < j such that Domain(v;) =

Domain(v;). Now, by definition, since ¢ < j, v; and w; agree on the common
part of their domains. Since Domain(w;) = Domain(v;) we have w; = wv;.
Since v; € Xg, we see that ® is constant on [w;] hence is constant on [w].

e Case 0 < ¢ < k. The v;’s, i € X, are functions in ®, % such that the
domains of any pair of these functions have an intersection with exactly ¢
points. Let ¢ be the least element of X. For each subset D of Domain(vy)
with ¢ elements, let Xp = {i € X\ {¢} | Domain(u;) NDomain(u;) = D}. The
Xp’s form a partition of X. Since n, = 1+ (*)(k + 1) there are (k +1)(¥)
points in X \ {¢}. Since there are (*) possible subsets D, we see that there is
a particular subset D such that Xp has at least £+ 1 elements. In particular,
ifi,j € Xp, i < j, then Domain(v;) N Domain(v;) = D. Now, all v;’s, i € Xp
agree with wy, hence v; [ D = wy [ D. Proposition 3.13 insures that & is
constant on wy [ D. A fortiori, ® is constant on []. O

Main Theorem 5.4. There exists a primitive recursive total function L :
N — N having the following property. Suppose ® is a computable total
functional BA — B and 7 is a computable (®,k)-family for some k € N.
Then there exist elements sq,...,s, in A, computable total functions GJ@ :
B* — A, withi=1,...,L(k), j=1,...,k, and a computable total function
w : BUHERE 5 B such that ® =Q ¢ [ BA and me is a (®, k(1+L(k)))-family,
where © 1is the constructor

O = (s1rvevon o O 6O g )

2. The above result is uniform i ®, 7 : if ® and 7 depend computably on a
parameter m € N then w and the s;’s, 9](7) s are uniformly computable in m.

Proof. Let (u;);en be a computable enumeration of 7. Let L(k) be the Ram-
sey number L of Lemma 5.3. We fix some computable total ordering on A and
define by induction on 7 > 1 the s;’s and 9](-i)’s, together with p; : B* — N.
Let b = (b1, - brpyrr) € BFE®HD . Let us denote by glzk the sequence
(b, ..., bix) € B*. We define inductively the QJ(Z)(I_)]zk:)
(1) Choose si,...,s; (non necessarily distinct) such that {sq,...,s;} =
Domain(uy).
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(2) Let p1(blk) be the least integer £ such that u, and (sg, by) @ .. ® (s1,by)
agree on the common part of their domains (recall Definition 1.1 and ob-
serve the inversion done in the sequence) and let 951)(5%), . ,0,(61)(5|k)

(non necessarily distinct) be such that {0?)(5“@), . ,9,(:)(l;|k)} = Domain(u, y)-

(3) Suppose the 9§il)(5|z'/k)’s, and the py, , ’s have been defined for i" < 1.
Let us write Sypy; = 9§il)(l;|i’k). Let p;(b|ki) be the least integer ¢
such that u, and (s, bix) @ ... D (s1,b1) agree on the common part of
their domains and let 6" (b|ik), ..., 6" (blik) (non necessarily distinct)
be such that {6{" (Blik), .. 0" (b]ik)} = Domain(u,, -

Let v; = W, ik and w; = ((Sigsk, bikrk) ® ... D (s1,b1)) [ Domain(v;). Then
all conditions of Lemma 5.3 are satisfied: Domain(v;) = Domain(w;), the w;’s
pairwise agree (due to the inversion in the @ sum) and w; agrees with v; for
i < j by definition of pj(l;|jk:). Thus, ® is constant on wyrp @ ... ... wy.
Since Domain(wg) is the set of the 9;)(Z;|z‘k:)’s, we see that @ is constant on all
u € me. Finally, we show that the values of ® are given by some computable
w. Define w as follows. Let ( : A — B be any constant function. For

b € BFLRH) et 4 = WLy D ... . @ wy be as above and let f; = (Hu and
set w(b) = D fb) By the above analysis, we know that ® is constant on [u].
Since f; € [u], this constant value is given by w(l;) To conclude, recall that

® is computable and observe that f; is a computable function, uniformly in
b, hence 0 is computable. n

Corollaries 3.8 and 3.9 have effective versions.

Corollary 5.5. Suppose ® : BA — B is a computable total functional. The
following conditions are equivalent.

(1) @ is effectively uniformly continuous.
(2)
(3) @ admzts a computable deterministic uniformly bounded ®-family.
(4) @

® admits a computable uniformly bounded ®-family.

o | BA for some computable constructor © as in Definition 3.4.

Corollary 5.6. If a total functional ® : B4 — B is computable and effec-
tively uniformly continuous then there exists a computable total functional
U : BA — FA=B such that,

(a) W is computable and effectively uniformly continuous.

(b) The range of ¥ is a computable deterministic uniformly bounded V-
family and ®-family, i.e. for all f € BA, U and ® are constant on

(W)
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(¢) For all f € BA, f € [¥(f)].

6 Characterization of ASM functionals

Proposition 6.1. Let ' = [[,_, ., Bf‘i be a product of function spaces
where the A;, B;’s are countable. Let A, B be the disjoint sums of the A;’s
and the B;’s respectively, so that B4 is a (proper) subset of T. Let® : T — C
a total functional which uses k-bounded information. Then there exists a total
functional ® : BA — C which also uses (k + 1)-bounded information and is
such that ® = ® ['T. Moreover, if ® is computable and admits a computable
(D, k)-family then so does ® is computable and admits a computable (P, k)-

family.

Proof. Let us say that a partial function in 4= is bad if it maps some
element of A; outside B;. Let 7 be a (®, k)family. We define a (®,k + 1)-
family from 7. Let u € m. Interpreted in 47, all extensions with bad
elements outside Domain(u) are obtained. The problem is with bad elements
inside Domain(u). We proceed as follows. Identify A with N. If ¢q,..., ¢ €
Domain(u) and (¢;,d;) is bad for i = 1,...,¢, then, for x € A, let

Ug g, = U D (c1,dy) & ... (co,dp) ® (v, 2)

with v = > . i+ < ¢1,dy,...,co,dg > where < ... > is some coding of
sequences of integers by integers. Set m be the set of all possible u_; ’s.

It is easy to see that 7 is a (®,k + 1)-family. Finally, this construction is
effective. n

77777

where the A;, B;’s are countable. Let W : T — T be a total functional. The
following conditions are equivalent.

(1) ¥ uses uniformly bounded information.

(2) There exists an ASM on the sorts occurring in T (with a suitable static
framework) such that U is exactly the functional associated to this ASM.

Moreover, if U 1s computable and effectively linearly uniformly computable
(i.e. there is some computable uniformly bounded OV-family) then the static
framework of the ASM consists of computable functions.

Proof. Consider the functional ov given by Proposition 6.1 and use Theo-
rems 3.7, 4.2, 5.4 to OW. O
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A Uniform structure and topology

To get a topological characterization of functionals using bounded informa-
tion analog to that in Proposition 2.3, we need to replace continuity by
uniform continuity relative to a pertinent uniform structure on the Baire
space.

First, let us recall the notion of uniformity on a space and some related
classical results, cf. Bourbaki or Kelley’s classical textbooks [3, 14].

Definition A.1. A uniformity U on a space S is a family of subsets of S x S
(called entourages) satisfying the following conditions:
(1) Ewvery entourage U € U contains the diagonal A = {(z,z) | x € S}.
(2) U is a filter: every superset of an entourage is an entourage and the
intersection of finitely many entourages is an entourage.
(3) If U is an entourage so is its symmetric U™ = {(y,x) | (x,y € U}.
(4) For every entourage U there exists an entourage V' such that VoV C U
where VoW ={(z,z) | Fy ((x,y) € V A(y,z) € W)}. In particular,
since V' contains the diagonal, V =V oA CVoV CU.
The uniformity U is transitive in case condition (4) can be strengthened to
(4’) For every entourage U there exists an entourage V' such that VoV = U.
One can then suppose V' to be symmetric.
A basis B of U is a family of entourages such that every entourage contains
an entourage in B

Ezample A.2. 1. Suppose d : S x S — [0,+00] is a metric on S. For any
r>0let U, ={(x,y) € S xS |d(x,y) <r}. Then the family of supersets
of the U,’s is a uniformity U; on S (and the U,’s constitute a basis of Uy).
2. In case d is an ultrametric, i.e. d(z,z) < max(d(z,y),d(y,z)) for all
x,y,z € S, then U, o U, = U, and therefore U, is a transitive uniformity:.

3. The finest uniformity is the discrete one: it which contains the diagonal
(hence all its supersets).

To every uniformity is associated a topology.

Proposition A.3. Suppose U is a uniformity on S. For every x € S let
Ny(zx) be the family of sets of the form {y € T | (z,y) € U} for some
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entourage U € U. Let Ty be the family of sets X C T such that X € Ny(x)
for every x € X.

Then Ty is the family of open sets of a topology on X and Ny/(x) is the family
of neighborhoods of x with respect to the topology Ty.

In the same way that topology is the right framework to deal with continu-
ity, the notion of uniformity is the right one to deal with uniform continuity.

Definition A.4. Suppose U and V are uniformities on the respective spaces
SandT. A map F : S — T is uniformly continuous with respect to U and
Vif (Fx F)Y"Y V) eU for every V€V, i.e. the inverse image by F X F of
an entourage of V is an entourage of U. In other words, for every entourage
V € V there exists an entourage U € U such that if x,y are U-close, 1i.e.
(x,y) € U, then F(x), F(y) are V-close, i.e. (F(x),F(y)) € V.

This definition extends the usual one with metric spaces.

Proposition A.5. If (S,ds) and (T,dr) are metric spaces then a map F :
S — T 1s uniformly continuous with respect to the uniformities Uy, and Uy,
(cf. Example A.2 supra) if and only if F is uniformly continuous in the sense
of metric spaces: for everye > 0 there exists n > 0 such that, for all x,y € S,
if ds(z,y) <n then dr(F(z), F(y)) <e.

As expected, uniform continuity implies continuity.

Proposition A.6. If F : S — T is uniformly continuous with respect to U
and V then F is continuous with respect to the associated topologies Ty and

Ty.
Transitive uniformities can be characterized via partitions.

Proposition A.7. To any partition 0 = (Sa)aca of a space S we associate
the set Vo = U,cu Sa X Sa. Let U be a uniformity on S and X be the family
of all partitions o such that U, € U. The uniformity U is transitive if and
only if {V, | 0 € £} is a basis of U.

Proof. Suppose V' C § x S contains the diagonal and is symmetric. Observe
that V satisfies VoV = V if and only V is an equivalence relation on S if
and only if V' = U, for some partition ¢ (namely the partition constituted
by equivalence classes of V). O

Finally, let us mention the following property of transitive uniformities.

Proposition A.8. Suppose U is a transitive uniformity on S. A basis of the
topology associated to U is the family of all pieces S, of all partitions o of S
such that U, is in U.
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Proof. Observe that S, = {y | (z,y) € So x So} = {y | (z,y) € U,}.
In particular, if x € S, then S, is a neighborhood of x. Thus, S, is a
neighborhood of each of its points hence is open. Conversely, if X C S is
open then, for every = € X, there exists a partition ¢ such that U, is in U
and a piece S, of o such that z € {y | (z,y) € U,} € X. Thus, z € S, C X.
Since x is any element of X, this shows that X is a union of such sets S, ’s.
Thus, any open set is a union of S,’s. This means that the S,’s constitute a
topological basis. O]
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