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Abstract. We define a translation of the elementary imperative language L into Gödel’s
system T with product types and we show that this translation actually defines lock-step
simulation on the proviso that we assume a call-by-value evaluation of System T. As an
application, we obtain that the L language (which is known to be expressive enough to
represent all primitive recursive functions) does not allow to write a program that computes
the minimum of two natural numbers(n,m)with the expected complexityO(min(n,m)).

1. Introduction

This paper is devoted to the study of the expressive power of an elementary imper-
ative programming language similar to the L language described by Meyer and
Ritchie in [19] extended with aconstant-time predecessoroperator.

While theλ-calculus is usually used to describe the denotational semantics of
programming languages, we exploit it to encode theoperational semanticsof this
imperative language. More precisely, we define a lock-step simulation of impera-
tive programs by pure functional programs under call-by-value evaluation (actually
terms of G̈odel’s system T). The semantics of the L language is given in the
style of Plotkin’s Structured Operational Semantics [22], while the semantics of
Gödel’s system T is given (as usual for theλ-calculus) as a set of reduction rules.
This lock-step simulation is the main contribution of this paper.

This simulation theorem enables us to derive properties concerning this imper-
ative language from previously known results in theλ-calculus. An example of
such result which can be derived using our framework is related to the so-called
minimum problem: there is no program in the L language which computes the
minimum of two natural numbersn andm in timeO(min(n,m)).

The fundamental property (from which such results are derived) in call-by-value
system T is a generalization of a result by Colson and Fredholm called the “ultimate
obstinacy” property in [3]. Unfortunately, the proof techniques developed in [3] did
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not generalize easily to system T equipped with product types and a constant-time
predecessor operator. This led us to give a new (direct) proof of this property,
which is the second contribution of this paper.

The plan of the paper is the following. Section 2 is devoted to the presentation
of our target functional language which corresponds to Gödel system T equipped
with a one-step predecessor function, product types and the call-by-value strategy.
Our variant of the L-language (syntax and semantics) is presented in section 3
and the lock-step simulation is described in details in section 4. In section 5, we
give a direct proof of the “ultimate obstinacy” theorem (and its corollary) for our
extended system T.

Related works

In his pioneering work [2], Colson applies denotational semantics (with the do-
main of lazy integers [10]) and proves that although the function that computes
the minimum of two natural numbers is obviously primitive recursive (see for in-
stance [21] for a formal definition), there is no way to implement it efficiently as
aprimitive recursive algorithms(represented byPR-combinators in [2]). His main
theorem states theultimate obstinacyproperty ofPR-combinators in all reduction
strategy. Informally, this property expresses the fact that once an algorithm has
started to consume an argument, it will never switch to another argument (a con-
structive proof of this property by Coquand may be found in [4]).

This idea has been developed further by David [7] who defines atrace seman-
tics which allows him to prove a stronger property (thebacktracking property).
The third author has proved in [24] similar results about intensional behavior of
other primitive recursive schemes, and most of these results have been extended
in [8]. At about the same time, Colson and Fredholm [11] proved thatminimum
problemhas still no solution even if we allow recursion over lists of natural num-
bers (assuming a call-by-value evaluation strategy). On the other hand, David [6]
provides solution to the minimum problem, but assuming this time a call-by-name
evaluation strategy.

Similar results have been obtained for Gödel’s system T. Colson and Fredholm
[3] proved that (assuming a call-by-value evaluation strategy) for any algorithm
which computes a non-trivial binary function (where trivial means constant or pro-
jection plus constant), the time-complexity is at least linear in one of the inputs.
This is again in contrast to the call-by-name case.

Related issues concerning non-determinism and sequentiality have been studied
by Brookes and Dancannet [1, 5]. The authors proved that for the Berry-Curien
programming language of sequential algorithms, the minimum problem has a so-
lution (but not the “natural” one). They also developed an intensional semantics
based on abstract circuits. In this framework, a program is mapped to a circuit,
whose dimensions tells the quantity of parallel work and time needed to run a pro-
gram.

In another line of work, Moschovakis [20] established linear lower bounds for the
complexity of non-trivial primitive recursive algorithm frompiecewise lineargiven
functions (division by 2, minimum, lesser than). For instance, he proves that Stein’s
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algorithm for the greatest common divisor cannot be implemented efficiently by a
primitive recursive algorithm.

Recently, a partial solution to an open problem concerning the classicalEuclidan
algorithmmentioned in [20] was found by Van Den Dries [26]. These results seem
to indicate that many problems have no adequate solutions as primitive recursive
algorithms.

2. Call-by-value system T

Gödel’s system T is the extension of the simply typedλ-calculus with a type of
natural numbers, and equipped with primitive recursion at all types. System T
was first introduced in logic [13, 23] where it was mainly used in proof-theoretic
studies of Peano arithmetic. An important result states that functions on the natural
numbers definable in this system is correspond exactly to provably total functions
in first-order Peano arithmetic.

Our approach is closer to [12], where system T is used to give a formal semantics
to constructs found in higher-order programming languages. We recall two main
results from [12]: well-typed terms are strongly normalizing and the rewriting sys-
tem enjoys the Church-Rosser property.

In this section, we extend system T with product types (tuples andn-ary func-
tions) and a constant-time predecessor operation. The rewriting system is summed
up in figure 1, where we denote byt[u1/x1, . . . ,un/xn] the usual capture-avoiding
substitution. Note that the reduction rules presented here implements the so-called
weak reduction call-by-value strategy (since we do not reduce under an abstrac-
tion). We also recall the type system in figure 2 and we shall only consider well-
typed terms in the sequel.

2.1 Examples

◦ rec(x2, x1, λy.λx.S(y)) computes the sum of (x1, x2) by induction onx2.

◦ rec(x1, x2, λy.λx.S(y)) computes the sum of (x1, x2) by induction onx1.

◦ (rec(x1, λy.S(y), λu.λx.λy.rec(y, (u S(0)), λw.λz.(u w))) x2) is a term which
computes Ackermann’s function on (x1, x2) (which is known not to be prim-
itive recursive [21]).

2.2 Derived form

We write let (x1, . . . , xn) = u in t as an abbreviation for the redexλ(x1, . . . , xn).t u
and we obtain thus the following derived typing rule and evaluation rule:

Γ ` u : (τ1 ∗ . . . ∗ τn) Γ, x1 : τ1, . . . xn : τn ` t : σ
Γ ` let (x1, . . . , xn) = u in t : σ

C[let (x1, . . . , xn) = (v1, . . . , vn) in t]  C[t[v1/x1, . . . , vn/xn]]

Moreover, the following property holds:
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Types
τ ::= N

τ1→ τ2
τ1 × . . . × τn

Terms
t ::= x

| 0
| S(t)
| pred(t)
| t1 t2
| λ(x1, . . . , xn).t
| (t1, . . . , tn)
| rec(t1, t2, t3)

Values
v ::= x

| 0
| S(v)
| λ(x1, . . . , xn).t

Contexts
C[ ] ::= [ ]

| C[ ] t
| v C[ ]
| S(C[ ])
| pred(C[ ])
| rec(C[ ] , t2, t3)
| rec(v1,C[ ] , t3)
| rec(v1, v2,C[ ])
| (v1, . . . , vi−1,C[ ] , ti+1, . . . , tn)

Evaluation rules

C[pred(0)]  C[0]

C[pred(S(v))]  C[v]

C[rec(0, v2, v3)]  C[v2]

C[rec(S(v1), v2, v3)]  C[(v3 rec(v1, v2, v3) v1)]

C[λ(x1, . . . , xn).t (v1, . . . , vn)]  C[t[v1/x1, . . . , vn/xn]]

Fig. 1: Gödel’s system T

L 1. If u  u′ then let (x1, . . . , xn) = u in t  let (x1, . . . , xn) = u′ in t for
any term t.

P. Indeed, sincelet (x1, . . . , xn) = • in t is an evaluation context.�

R 1. Let us define thedegree∂(τ) of a typeτ inductively with ∂(N) = 0,
∂(σ → τ) = max(∂(σ) + 1, ∂(τ)) and∂(τ1 × . . . × τn) = max(∂(τ1), . . . , ∂(τn)) and
thedegree∂(t) of a termt as the maximum degree of typesτ such thatrec(t1, t2, t3)
occurs int with typeτ. If Tn stands for the restriction of system T to terms with
degree less thann, it is well-known that functions of typeNk → N which can be
represented by a term ofT0 correspond exactly to primitive recursive function.
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x : τ ∈ Γ
Γ ` x : τ

Γ ` t : τ Γ ⊂ Γ′

Γ′ ` t : τ

Γ ` 0 : N
Γ ` t : N
Γ ` S(t) : N

Γ ` t : N
Γ ` pred(t) : N

Γ ` t1 : τ1 . . . Γ ` tn : τn
Γ ` (t1, . . . , tn) : τ1 × . . . × τn

Γ, x1 : τ1, . . . , xn : τn ` t : σ
Γ ` λ(x1, . . . , xn).t : (τ1 × . . . × τn)→ σ

Γ ` t : σ→ τ Γ ` u : σ
Γ ` t u : τ

Γ ` t1 : N Γ ` t2 : τ Γ ` t3 : τ→ N→ τ
Γ ` rec(t1, t2, t3) : τ

Fig. 2: Type system

3. The L language

The imperative language we consider is a minor syntactic variant of the L lan-
guage defined by Meyer and Ritchie in [19] (see also the textbook by Davis and
Weyuker [9]). Variables (calledregistersin [19]) can contain only natural num-
bers. Atomic statements are assignments and the only control structure are se-
quences (lists of statements separated by semi-colons) and for-loops (which im-
plement bounded iteration). The formal syntax of L programs is given in the
following definition.

D 1. The syntax of expressions e, commands c and sequences s and pro-
grams p are defined by the following grammar:

e ::= n̄ | x | x+ 1 | x− 1

c ::= x := e

| for x := 1 to e {s}

| {s}

s ::= ε | c; s

p ::= {s}

Metavariables x range over identifiers and̄n over natural numbers literals (which
are the only values). The symbolε denotes the empty sequence and{} is called the
empty block (which is a command).
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E 1. A simple program that computes the sum of (x1, x2) (and stores the
result in variabler):
{

r := x1;
for y := 1 to x2 {

r := r + 1;
};
}

3.1 Operational semantics

Following [14], the operational semantics of the Loop language is given by a simple
transition system. The following rules define a transition relation on configurations,
where a configuration is either a value, a pair〈e, µ〉 (respectively〈c, µ〉) consisting
of an expressione (respectively a commandc) and a storeµ. For simplicity, we
assume that a storeµ is itself represented as a pair (~x, ~n) where~x is tuple of variables
and~n is a tuple of natural numbers (of same length). Thus a store maps variables
to natural numbers in the obvious way, and we writeµ(x) for the value ofx in store
µ, andµ[x := n] for an update of the value ofx in storeµ.

Expressions

〈xi + 1, µ〉 → µ(xi) + 1 (1)

〈xi − 1, µ〉 → µ(xi) –̇ 1 (2)

Assignments

〈{xi := n̄; s}, µ〉 → 〈{s}, µ[xi := n]〉 (3)〈
{xi := x j ; s}, µ

〉
→
〈
{s}, µ[xi := µ(x j)]

〉
(4)

〈e, µ〉 → n
〈{xi := e; s}, µ〉 → 〈{xi := n̄; s}, µ〉

(5)

where e is neither a constant nor a variable.

Empty block

〈{{}; s}, µ〉 → 〈{s}, µ〉 (6)

Sequence

〈c, µ〉 → 〈c1, µ1〉

〈{c; s}, µ〉 → 〈{c1; s}, µ1〉
(7)

where c is neither the empty block nor an assignment.
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Loop

〈for xi := 1 to e {s}, µ〉 → 〈{}, µ〉 (8)

where e is either the constant 0 or a variable xj and thenµ(x j) = 0.

〈for xi := 1 to e {s}, µ〉 →
〈
{for xi := 1 to n̄ {s}; xi := n+ 1; s}, µ

〉
(9)

where e is either a constant n+ 1 or a variable xj and thenµ(x j) = n+ 1.

R 2. In a loop of the formfor xi := 1 to x j {s}, both variablesxi andx j are
allowed to be assigned in the body{s}. However, the variablex j is looked up before
the beginning of the loop andxi is assigned its new value before executing the body
of the loop. The expected semantics of the for-loop (as well as its termination) is
thus enforced.

R 3. Note that if a variableb1 contains only boolean values 0 and 1, a loop
of the form for i := 1 to b1{s} corresponds to the conditionalif b then {s}. The
control structureif b1 then {s1} else{s2} can then be simulated by the sequence
{b2 := 1; if b1 then {s1; b2 := 0}; if b2 then {s2}}.

We are now able to define the semantics of a program (as usual→? stands for
the reflexive and transitive closure of→).

D 2. Given an initial storeµ, we say that a program p evaluates toµ′ if
and only if〈p, µ〉 →? 〈{}, µ′〉

R 4. This semantics is deterministic since there is always at most one rule
which can be applied (depending on the environment and the shape of the pro-
gram). Moreover, the only case where no rule can be applied corresponds to the
final configuration (when the program amounts to an empty block).

4. Lock-step simulation

In this section, we present the lock-step simulation of L programs byλ-terms
of system T. We first show how to encode a L programs as aλ-term and then
we prove that this encoding is such that the evaluation of an imperative program
runs in lock-step with the reduction of its image.

4.1 Translation

In order to distinguish the successorS (which is a constructor) from the successor
seen as an operation (whose evaluation should imply a reduction step), we use the
keywordsuccas an abbreviation forλx.S(x) in the following definition:

D 3. The translation? of a L program with variables~x = (x1, . . . , xk)
into a term is defined by induction on expressions and commands as follows:
◦ n̄? = Sn(0)
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◦ x?i = xi

◦ (xi + 1)? = succ(xi)

◦ (xi − 1)? = pred(xi)

◦ {}? = ~x

◦ {xi := e; s}? = let xi = e? in {s}?

◦ {c; s}? = let ~x = c? in {s}? if c is not an assignment

◦ (for xi := 1 to e {s})? = rec(e?, ~x, λ~x.λxi .{s}?)
where e is either a constant or a variable

E 2. Let us translate the following programp which computes the division
by two (where~x = (x1, x2,b1,b2, i, j, k)).
{

r := x1;
b1 := 1;
for k := 1 to x1 {

b2 := 1;
for i := 1 to b1 { // if b1 then

r := r − 1;
b1 := 0;
b2 := 0;
};
for j := 1 to b2 { // else

b1 := 1;
};
};

}

We obtainp?
~x
=

(
let r = x1 in
let b1 = 1 in
let ~x = rec(x1, ~x, λ~x.λk.

let b2 = 1 in
let ~x = rec(b1, ~x, λ~x.λi.

let r = pred(r) in
let b1 = 0 in
let b2 = 0 in
~x) in
let ~x = rec(b2, ~x, λ~x.λ j.

let b1 = 1 in
~x) in

~x)
)
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R 5. Note that the translation clearly involves only terms with degree 0
(since~x is always a tuple of natural numbers) and thus the target language is actu-
ally T0 (and not full system T).

4.2 Simulation theorem

Recall that a storeµ is by construction a pair (~x, ~n) where~x is tuple of variables and
~n is a tuple of natural numbers (of same length). The following lemma (respectively
theorem) states that the evaluation of an expression (respectively program) runs in
lock-step with the reduction of its image.

L 2. If
〈
e, (~x, ~n)

〉
→ q then e?[~n?/~x]  q?

P. By case on the rule
〈
e, (~x, ~n)

〉
→ q being used.

◦ Rule 1
(xi + 1)?[~n?/~x]  (µ(xi) + 1)?

Indeed, (xi + 1)?[~n?/~x] = succ(xi)[~n?/~x] = succ(n?i ) S(n?i ) = (ni + 1)?

◦ Rule 2
(xi − 1)?[~n?/~x]  (µ(xi) –̇ 1)?

Indeed, (xi − 1)?[~n?/~x] = pred(xi)[~n?/~x] = pred(n?i ) and if ni = 0 then
pred(n?i ) 0 andpred(n?i ) (ni − 1)? otherwise.

T 1. If
〈
c, (~x, ~n)

〉
→
〈
c1, (~x, ~n1)

〉
then c?[~n?/~x]  c?1 [~n?1/~x]

P. By induction on the derivation of
〈
c, (~x, ~n)

〉
→
〈
c1, (~x, ~n1)

〉
.

◦ Rule 3

(xi := q̄; s)?[~n?/~x] = {s}?[(n1, . . . ,ni−1,m,ni+1, . . . ,nk)
?/~x]

Indeed,{xi := q̄; s}?[~n?/~x]

= (let xi = q? in {s}?)[(n1, . . . ,nk)
?/~x]

= let xi = q? in {s}?[(n1, . . . ,ni−1, xi ,ni+1, . . . ,nk)
?/~x]

 {s}?[(n1, . . . ,ni−1, xi ,ni+1, . . . ,nk)
?/~x][q?/xi ]

= {s}?[(n1, . . . ,ni−1,q,ni+1, . . . ,nk)
?/~x]

◦ Rule 4

(xi := x j ; s)?[~n?/~x] = {s}?[(n1, . . . ,ni−1,n j ,ni+1, . . . ,nk)
?/~x]

Indeed,{xi := x j ; s}?[~n?/~x]

= (let xi = c?j in {s}?)[(n1, . . . ,nk)?/~x]
= let xi = c?j in {s}?[(n1, . . . ,ni−1, xi ,ni+1, . . . ,nk)?/~x]
 {s}?[(n1, . . . ,ni−1, xi ,ni+1, . . . ,nk)?/~x][n?j /xi ]
= {s}?[(n1, . . . ,ni−1,n j ,ni+1, . . . ,nk)?/~x]
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◦ Rule 5
e?[~n?/~x]  q

{xi := e; s}?[~n?/~x]  {xi := q̄; s}?[~n?/~x]

Indeed, {xi := e; s}?[~n?/~x]

= (let xi = e? in {s}?)[(n1, . . . ,nk)?/~x]
= let xi = e?[~n?/~x] in ({s}?[(n1, . . . ,ni−1, xi ,ni+1, . . . ,nk)?/~x])

By induction hypothesis,e?[~n?/~x]  q and then by lemma 1:

let xi = e?[~n?/~x] in ({s}?[(n1, . . . ,ni−1, xi ,ni+1, . . . ,nk)?/~x])

 let xi = q? in ({s}?[(n1, . . . ,ni−1, xi ,ni+1, . . . ,nk)?/~x])
= (let xi = q? in {s}?)[(n1, . . . ,nk)?/~x]
= {xi := q; s}?[~n?/~x]

◦ Rule 6
{{}; s}?[~n?/~x]  {s}?[~n?/~x]

Indeed,let ~x = {}? in {s}?[~n?/~x]

= let ~x = {}? in {s}?[~n?/~x]

= let ~x = ~n? in {s}?

 {s}?[~n?/~x]

◦ Rule 7
c?[~n?/~x]  c?1 [~n?/~x]

{c; s}?[~n?/~x]  {c1; s}?[~n?/~x]

Indeed, sincec is neither an assignment not the empty block,

{c; s}?[~n?/~x] = let ~x = c? in {s}?[~n?/~x]

= let ~x = c?[~n?/~x] in {s}?

By induction hypothesis,c?[~n?/~x]  c?1 [~n?1/~x] and then by lemma 1:

let ~x = c?[~n?/~x] in {s}?  let ~x = c?1 [~n?1/~x] in {s}?

= let ~x = c?1 in {s}?[~n?1/~x]

= {c1; s}?[~n?1/~x]

◦ Rule 8
(for xi := 1 to e {s})?[~n?/~x]  {}?[~n?/~x]

Indeed, sincee is either the constant 0 or a variablex j andn j = 0:

(for xi := 1 to e {s})?[~n?/~x] = rec(e?, ~x, λ~x.λxi .{s}
?)[~n?/~x]

= rec(0, ~n?, λ~x.λxi .{s}
?)

 ~n?

= {}?[~n?/~x]
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◦ Rule 9

(for xi := 1 to e {s})?[~n?/~x]  {for xi := 1 to q̄ {s}; xi := q+ 1; s}?[~n?/~x]

Indeed, sincee is either a constantq+ 1 or a variablex j andn j = q+ 1:

(for xi := 1 to e {s})?[~n?/~x]

= rec(e?, ~x, λ~xλxi{s}
?)[~n?/~x]

= rec(Sq+1(0),E?, λ~x.λxi .{s}
?)

 let ~x = rec(Sq(0),E?, λ~x.λxi .{s}
?) in let xi = Sq+1(0) in {s}?

= (let ~x = rec(Sq(0), ~x, λ~x.λxi .{s}
?) in let xi = Sq+1(0) in {s}?)[~n?/~x]

= (let ~x = rec(Sq(0), ~x, λ~x.λxi .{s}
?) in {xi := q̄+ 1; s}?)[~n?/~x]

= (let ~x = (for xi := 1 to q̄ {s})? in {xi := q̄+ 1; s}?)[~n?/~x]

= {for xi := 1 to q̄ {s}; xi := q̄+ 1 ; s}?[~n?/~x]

5. Ultimate Obstinacy

Colson and Fredholm proved in [3] that (non-trivial) terms of system T evaluated
by value are ultimately obstinate. In this section, we show that this property still
holds for system T in the presence a constant-time predecessor function and prod-
uct types. However, since the techniques developed in [3] do not seem to generalize
easily to this case, we present here a new direct proof of this result.

We first extend the syntax of terms and values with an infinite number of con-
stants⊥k

i of typeN and we supplement our set of reduction rules with the following
rule:

C[pred(⊥k
i )]  C[⊥k+1

i ]

We denote by ⊥this extended rewriting system. Intuitively, a constant⊥k
i repre-

sents a “sufficiently large” natural number (on which the predecessor can be applied
at leastk times). Thus, we could view⊥k

i aspredk(⊥0
i ) or, in other words, if we

look at thei-th argument as an input channel, the superscriptk tells us how far we
may need to look ahead in this input channel.

The strong normalization of reduction ∗⊥ for well-typed terms is a consequence
of the following lemma (since the reduction is strongly normalizing for well-
typed terms).

L 3. For any terms t,u, if t[⊥k1
1 /x1, . . . ,⊥

kn
n /xn]  u[⊥k1

1 /x1, . . . ,⊥
kn
n /xn]

then t[0/x1, . . . ,0/xn]  u[0/x1, . . . ,0/xn].

Since terms now possibly contain constants⊥k
i of typeN, even a well-typed term

can get stuck during evaluation (the term cannot be evaluated further) although it
is not yet a value. This lemma already splits the set of terms into constant, trivial
and ultimately obstinate terms.
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L 4. Given a well-typed term t of type N with free variables x1, . . . , xn of type
N, if t[⊥0

1/x1, . . . ,⊥
0
n/xn]  p

⊥ v where v is in normal form then one of the following
cases holds:
◦ v is a value Sk(0) (we say that t isconstant)

◦ v is a value Sk(⊥m
i ) with m6 p (we say that t istrivial )

◦ there is an evaluation context C[ ] such that v= C[rec(⊥m
i , v2, v3)] and m6 p

(we say that t isultimately obstinate)

P. By inspection of normal forms (and then by induction on the derivation to
show thatm6 p). �

D 4. The S-substitution t~S(⊥i)/⊥i� is the homomorphic extension of the
basic function defined as follows:
◦ ⊥0

i ~S(⊥i)/⊥i� = S(⊥0
i )

◦ ⊥k+1
i ~S(⊥i)/⊥i� = ⊥

k
i

We write t~Sp(⊥i)/⊥i� for the generalized S-substitution defined by induction on
p with t

�
S0(⊥i)/⊥i

�
= t and t

�
Sp+1(⊥i)/⊥i

�
= t ~S(⊥i)/⊥i� ~Sp(⊥i)/⊥i�.

L 5. For any terms t,u, if t u then t~S(⊥i)/⊥i� u~S(⊥i)/⊥i�

P. It is easy to check that S-substitution commutes with the reduction rules
given in figure 1. It remains to show that S-substitution commutes with the rule
C[pred(⊥k

i )]  C[⊥k+1
i ]. Indeed, ifC′[ ] = C[ ] ~S(⊥i)/⊥i� then:

C[pred(⊥0
i )] ~S(⊥i)/⊥i� = C′[pred(S(⊥0

i ))]  C′[⊥0
i ] = C[⊥1

i ] ~S(⊥i)/⊥i�

C[pred(⊥k+1
i )] ~S(⊥i)/⊥i� = C′[pred(⊥k

i )]  C′[⊥k+1
i ] = C[⊥k+2

i ] ~S(⊥i)/⊥i�

�

The following lemma (together with lemma 3) allows us to apply lemma 4 on
genuine natural numbers.

L 6. Given a well-typed term t with constants⊥0
1, . . . ,⊥

0
n of type N, if t ⊥ v

then t~Sp(⊥1)/⊥1, . . . ,Sp(⊥n)/⊥n� ⊥ v~Sp(⊥1)/⊥1, . . . ,Sp(⊥n)/⊥n�

P. Apply lemma 5 repeatedlyp times for each⊥i . �

L 7. ( ) Given a well-typed constant term t: N with free vari-
ables x1, . . . , xn of type N, there exist k, p ∈ N such that for any p1 > 0, . . . , pn > 0,
t[Sp1(0)/x1, . . . ,Spn(0)/xn]  p Sk(0).

P. Let t′ = t[⊥0
1/x1, . . . ,⊥

0
n/xn] and p, k be such thatt′  p Sk(0) by lemma

4. Sincet[Sp1(⊥0
1)/x1, . . . ,Spn(⊥0

n)/xn] = t′ ~Sp1(⊥1)/⊥1, . . . ,Spn(⊥n)/⊥n� and
by lemma 6,t′ ~Sp1(⊥1)/⊥1, . . . ,Spn(⊥n)/⊥n� 

p
⊥ Sk(0). We conclude by lemma

3 thatt[Sp1(0)/x1, . . . ,Spn(0)/xn]  p Sk(0). �
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L 8. ( ) Given a well-typed trivial term t: N with free variables
x1, . . . , xn of type N, there exist i,m, p, k with 1 6 i 6 n and m6 p such that for
any p1 > 0, . . . , pn > 0, t[Sp1(0)/x1, . . . ,Spn(0)/xn]  p Spi –̇ m+k(0).

P. Let t′ = t[⊥0
1/x1, . . . ,⊥

0
n/xn] and p, k,m be such thatt′  p Sk(⊥m

i ) by
lemma 4. Sincet[Sp1(⊥0

1)/x1, . . . ,Spn(⊥0
n)/xn] = t′ ~Sp1(⊥1)/⊥1, . . . ,Spn(⊥n)/⊥n�

and by lemma 6,t′ ~Sp1(⊥1)/⊥1, . . . ,Spn(⊥n)/⊥n�  
p
⊥ Sk(Spi−m(⊥0

i )) if pi > m,
andt′ ~Sp1(⊥1)/⊥1, . . . ,Spn(⊥n)/⊥n�  

p
⊥ Sk(⊥m−pi

i ) if pi < m. We conclude by
lemma 3 thatt[Sp1(0)/x1, . . . ,Spn(0)/xn]  p Sk(Spi –̇ m(0)). �

R 6. Clearly, trivial terms compute only functions definable (with the usual
mathematical notation) as (x1, . . . , xn) 7→ (xi –̇ m) + k (for some constantsm, k).

L 9. Given an evaluation context C[ ] , if C[rec(Sk(0), v2, v3)] is well-typed
and k > 0 then C[rec(Sk(0), v2, v3)]  C′[rec(Sk−1(0), v2, v3)] where C′[ ] is
again an evaluation context.

P. Indeed,C′ = C[(v3 • Sk(0))]. �

T 2. (  ) Given a well-typed ultimately obstinate
term t of type N with free variables x1, . . . , xn of type N, there exist i,m ∈ N with
1 6 i 6 n such that for any p1 > p, . . . , pn > p, t[Sp1(0)/x1, . . . ,Spn(0)/xn] reaches
its normal form in at least pi reductions steps.

P. Indeed, if t′ = t[⊥0
1/x1 . . . ,⊥

0
n/xn] then t′  p

⊥ C[rec(⊥m
i , v2, v3)] by

lemma 4. Now,t[Sp1(⊥0
1)/x1, . . . ,Spn(⊥0

n)/xn] = t′ ~Sp1(⊥1)/⊥1, . . . ,Spn(⊥n)/⊥n�

andt′ ~Sp1(⊥1)/⊥1 . . . ,Spn(⊥n)/⊥n� 
p
⊥ C[rec(⊥pi−m

i , v2, v3)] by lemma 6 (since
pi > m), andt[Sp1(0)/x1 . . . ,Spn(0)/xn]  p C[rec(Spi−m(0), v2, v3)] by lemma 3.
Thus, by lemma 9,C[rec(Spi−m(0), v2, v3)]  pi−m C[rec(0, v2, v3)]. We conclude
sincep > m and thusp+ pi −m> pi . �

C 1. There is no term in system T with product types and constant-time
predecessor which computes the minimum of two natural numbers n,m with time-
complexity O(min(n,m)).

R 7. Note that the proof of the ultimate obstinacy property relies crucially
on lemma 9. For instance, the property does not hold if we consider the following
reduction rule forrec (which is derivable, but not in call-by-value):

rec(S(n), v, λx.λy.t)  t[n/x, rec(n,b, λx.λy.t)/y]

Indeed, since we consider weak reduction and sincey may occurs under the scope
of a λ-abstraction int, there no reason thatrec(n,b, λx.λy.t) be the next redex to
contract. In fact, one can easily show that call-by-name evaluation can be simulated
under call-by-value evaluation using this rule and the usual thunk-based encoding
[16].
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We are now able to prove the result claimed in the introduction:

C 2. There is no program in theL-language which computes the min-
imum of two natural numbers n,m with time-complexity O(min(n,m)).

P. By corollary 1 and theorem 1.�

6. Conclusion and future work

In the one hand, we have defined a lock-step simulation of L programs byλ-
terms of call-by-value system T extended with product types and constant-time
predecessor operation. On the other hand, we have proved that Colson and Fred-
holm ultimate obstinacy property still holds in this extension of system T. As a
corollary of both results, we obtained that the L language does not allow to
write a program that computes the minimum of two natural numbers(n,m)with the
expected complexityO(min(n,m)).

It is known [2] that such a program may be represented in call-by-name system T.
Similarly, it is clear that the following imperative program computes the minimum
(n,m) with the good time-complexity (whereexit corresponds to a new control
structure with the obvious semantics):
{

m′ := m; r := n;
for y := 1 to n {

m := m− 1;
if m= 0 then {r := m′; exit; };
}

}

A question is then to determine whether there is a natural functional system and
a lock-step simulation which accounts for this new control structure. This question
is interesting since we conjecture that such a language would far more expressive
from an algorithmic standpoint. For instance,Stein’s algorithm can be written in
this language but likely not in the L language (we refer to [20] for details con-
cerning this issue). A similar result (but formulated in the framework of Abstract
States Machines [15]) which also supports this conjecture may be found in [25].

Another future work is suggested by remark 5: programs of the L language
are actually mapped by our translation toλ-terms ofT0. In order to reach the full
hierarchy of system T, a forthcoming paper shall be devoted to an extension of the
L language with higher-order procedures and procedural variables.

As a concluding remark, note that there is a growing interest in comparing the
expressive power of different programming paradigms. For instance, recent works
by Kristiansen, Niggl and Voda [17, 18] exhibit a connection between the classical
complexity hierarchies found in imperative and functional languages. We believe
that our translation may turn out to be convenient tool for this kind of investigation.
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[4] T. Coquand. Une preuve directe du théor̀eme d’ultime obstination. Compte Rendus de
l’Académie des Sc., 314, Serie I, 1992.

[5] D. Dancanet and S. Brookes. Programming language expressiveness and circuit complexity. In
Internat. Conf. on the Mathematical Foundations of Programming Semantics, 1996.
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