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Abstract. We define a translation of the elementary imperative languageihto Godel's
system T with product types and we show that this translation actually defines lock-step
simulation on the proviso that we assume a call-by-value evaluation of System T. As an
application, we obtain that theobe language (which is known to be expressive enough to
represent all primitive recursive functions) does not allow to write a program that computes
the minimum of two natural numbe¢s,m)with the expected complexit®(min(n,m))

1. Introduction

This paper is devoted to the study of the expressive power of an elementary imper
ative programming language similar to thede language described by Meyer and
Ritchie in [19] extended with aonstant-time predecessoperator.

While the A-calculus is usually used to describe the denotational semantics of
programming languages, we exploit it to encodedperational semanticsf this
imperative language. More precisely, we define a lock-step simulation of impera-
tive programs by pure functional programs under call-by-value evaluation (actually
terms of @del’s system T). The semantics of theok language is given in the
style of Plotkin’s Structured Operational Semantics [22], while the semantics of
Godel's system T is given (as usual for thecalculus) as a set of reduction rules.
This lock-step simulation is the main contribution of this paper.

This simulation theorem enables us to derive properties concerning this imper-
ative language from previously known results in thealculus. An example of
such result which can be derived using our framework is related to the so-called
minimum problemthere is no program in thedor language which computes the
minimum of two natural numbersandmin time O(min(n,m))

The fundamental property (from which such results are derived) in call-by-value
system T is a generalization of a result by Colson and Fredholm called the “ultimate
obstinacy” property in [3]. Unfortunately, the proof techniques developed in [3] did
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not generalize easily to system T equipped with product types and a constant-time
predecessor operator. This led us to give a new (direct) proof of this property,
which is the second contribution of this paper.

The plan of the paper is the following. Section 2 is devoted to the presentation
of our target functional language which corresponds talé€ system T equipped
with a one-step predecessor function, product types and the call-by-value strategy.
Our variant of the bor-language (syntax and semantics) is presented in section 3
and the lock-step simulation is described in details in section 4. In section 5, we
give a direct proof of the “ultimate obstinacy” theorem (and its corollary) for our
extended system T.

Related works

In his pioneering work [2], Colson applies denotational semantics (with the do-
main of lazy integers [10]) and proves that although the function that computes
the minimum of two natural numbers is obviously primitive recursive (see for in-
stance [21] for a formal definition), there is no way to implementiicently as
aprimitive recursive algorithmg&epresented bl?R-combinators in [2]). His main
theorem states thd@timate obstinacyroperty ofPR-combinators in all reduction
strategy. Informally, this property expresses the fact that once an algorithm has
started to consume an argument, it will never switch to another argument (a con-
structive proof of this property by Coquand may be found in [4]).

This idea has been developed further by David [7] who defingacg seman-
tics which allows him to prove a stronger property (thacktracking property
The third author has proved in [24] similar results about intensional behavior of
other primitive recursive schemes, and most of these results have been extended
in [8]. At about the same time, Colson and Fredholm [11] proved rinatmum
problemhas still no solution even if we allow recursion over lists of natural num-
bers (assuming a call-by-value evaluation strategy). On the other hand, David [6]
provides solution to the minimum problem, but assuming this time a call-by-name
evaluation strategy.

Similar results have been obtained fodd&l's system T. Colson and Fredholm
[3] proved that (assuming a call-by-value evaluation strategy) for any algorithm
which computes a non-trivial binary function (where trivial means constant or pro-
jection plus constant), the time-complexity is at least linear in one of the inputs.
This is again in contrast to the call-by-name case.

Related issues concerning non-determinism and sequentiality have been studied
by Brookes and Dancannet [1, 5]. The authors proved that for the Berry-Curien
programming language of sequential algorithms, the minimum problem has a so-
lution (but not the “natural” one). They also developed an intensional semantics
based on abstract circuits. In this framework, a program is mapped to a circuit,
whose dimensions tells the quantity of parallel work and time needed to run a pro-
gram.

In another line of work, Moschovakis [20] established linear lower bounds for the
complexity of non-trivial primitive recursive algorithm fropiecewise lineagiven
functions (division by 2, minimum, lesser than). For instance, he proves that Stein’s



algorithm for the greatest common divisor cannot be implemerftegdemtly by a
primitive recursive algorithm.

Recently, a partial solution to an open problem concerning the clagsicitian
algorithmmentioned in [20] was found by Van Den Dries [26]. These results seem
to indicate that many problems have no adequate solutions as primitive recursive
algorithms.

2. Call-by-value system T

Godel's system T is the extension of the simply typedalculus with a type of
natural numbers, and equipped with primitive recursion at all types. System T
was first introduced in logic [13, 23] where it was mainly used in proof-theoretic
studies of Peano arithmetic. An important result states that functions on the natural
numbers definable in this system is correspond exactly to provably total functions
in first-order Peano arithmetic.

Our approach is closer to [12], where system T is used to give a formal semantics
to constructs found in higher-order programming languages. We recall two main
results from [12]: well-typed terms are strongly normalizing and the rewriting sys-
tem enjoys the Church-Rosser property.

In this section, we extend system T with product types (tuplesneaiy func-
tions) and a constant-time predecessor operation. The rewriting system is summed
up in figure 1, where we denote b1/, . . ., Un/Xn] the usual capture-avoiding
substitution. Note that the reduction rules presented here implements the so-called
weak reduction call-by-value strategy (since we do not reduce under an abstrac-
tion). We also recall the type system in figure 2 and we shall only consider well-
typed terms in the sequel.

2.1 Examples

o rec(xg, X1, y.Ax.S(y)) computes the sum ok{, x2) by induction onx;.
o rec(xy, g, y.AX.S(y)) computes the sum ok{, x) by induction onx;.

o (rec(xg, AY.S(y), Au.ax.Ay.rec(y, (u S(0)), Aw.Az.(u W))) Xp) is a term which
computes Ackermann’s function or;( x2) (which is known not to be prim-
itive recursive [21]).

2.2 Derived form

We writelet (x1,...,X%n) = uint as an abbreviation for the redakxy, ..., x,).tu
and we obtain thus the following derived typing rule and evaluation rule:

Fru:(rix...x1n) I,Xp:i7T1,... % :Thtl:0o
I'rlet(Xg,..., X)) =uint:o

Cllet (X1,...,%n) = (V1, ..., Vn) in 1] » C[t[v1/X1, ..., Vn/Xn]]
Moreover, the following property holds:



rec(ts, to, tz) rec(vy, Vo, C[])

(V17 e 7Vi—17 C[]7t|+1a s ’tn)

Types Values
T = N vV = X
T1L — T2 | 0
TIX ... XTh | S(v)
| A(Xg,..., %)t
Terms Contexts
t = X C[] == 1[I
| O | C[]t
| S(t) | vC[]
| pred(t) | S(C[])
| tito | pred(C[])
| AXq,..., Xn)t | rec(C[],t2,t3)
[ (t,....t) | rec(vy, C[].ta)
| I
|

Evaluation rules

Cl[pred(0)] ~» CJ0]
Clpred(S(v))] ~ C[V]
Clrec(0,v2,v3)] ~» C[vo]
C[rec(S(v1), V2,v3)] ~» C[(v3rec(vy, Va2, V3) v1)]
ClA(X, ..., Xn)-t (Vi, ..o )]~ C[t[Va/Xa, ..., Vn/Xn]]

Fig. 1: Godel's system T

Lemma 1. If u ~» U thenlet (Xg,..., X)) = uint ~» let (Xg,...,%,) = Uint for
any term t.

Proor. Indeed, sincéet (x1,...,Xn) = @ in tis an evaluation contexiy

Remark 1. Let us define thelegreed(r) of a typer inductively with 9(N) = O,
0o — 1) = maxd(o) + 1,0(7)) andd(r1 X ... X ) = max{d(ri),...,d(rn)) and
thedegree(t) of a termt as the maximum degree of typesuch thatec(ts, to, t3)
occurs int with typer. If T, stands for the restriction of system T to terms with
degree less than, it is well-known that functions of typ&l* — N which can be
represented by a term &} correspond exactly to primitive recursive function.



X:tel I'rt:r I'cI”
'ex:t I'rt:t
I'rt:N I'rt:N

'-0:N ['FS(): N [+ pred(t) : N
F"tl:T]_ F"tn:Tn
T (ty,...,th) i T1X...XTp

I'X1:711,.... % :thrt.o I'trt:oco—-71 TrU:. O
'k AXg,..., %)t (t1X ... X)) > O Frtu:r

I'rty:N Trtryir Tritz:T>N-oT7T
I'+rec(ty,to,t3) : 7

Fig. 2: Type system

3. The Loor language

The imperative language we consider is a minor syntactic variant ofdbelan-

guage defined by Meyer and Ritchie in [19] (see also the textbook by Davis and
Weyuker [9]). Variables (calledegistersin [19]) can contain only natural num-
bers. Atomic statements are assignments and the only control structure are se-
guences (lists of statements separated by semi-colons) and for-loops (which im-
plement bounded iteration). The formal syntax @b programs is given in the
following definition.

DeriniTioN 1. The syntax of expressions e, commands ¢ and sequences s and pro-
grams p are defined by the following grammar:

= nix|x+1|x-1

= Xi=e
| for x:=1toe{s
| {s}

s = ¢g]|¢cs

p == {s

Metavariables x range over identifiers andver natural numbers literals (which
are the only values). The symhotlenotes the empty sequence @nid called the
empty block (which is a command).



ExamrLe 1. A simple program that computes the sum xf, &) (and stores the
result in variable):
{

ri=Xg;

for y:=1to xo {

r:=r+1;

I

}

3.1 Operational semantics

Following [14], the operational semantics of the Loop language is given by a simple
transition system. The following rules define a transition relation on configurations,
where a configuration is either a value, a gaiu) (respectivelyc, u)) consisting

of an expressiom® (respectively a commang) and a storg:. For simplicity, we
assume that a stogds itself represented as a pax ) whereXis tuple of variables
andn is a tuple of natural numbers (of same length). Thus a store maps variables
to natural numbers in the obvious way, and we wite) for the value ofx in store

u, andu[x := n] for an update of the value ofin storepu.

Expressions

G+ Ly - p(x)+1 1)
=L - p(x)-1 2
Assignments
{x = n; s} p) — (s} ulx =) 3)
(1 = 53 8), 1) = ({8}, 0% = p(X))]) (4)
e,y —n (5)

({x =€ shu) = ({x =n; s}, )
where e is neither a constant nor a variable

Empty block
Y shw — {shw (6)

Sequence
(€, ) = {C1, 1) @
{c; sk — ({cy; s} u1)
where c is neither the empty block nor an assignment.




Loop
(for x :=1toe{s},u) — ({}, ) (8)
where e is either the constant O or a variablgaxnd thernu(x;) = 0.

(for x; ;= 1toe{s,,u) — ({for Xi:=1lton{s};x:=n+ l;s},,u> (9)
where e is either a constantinl or a variable ¥ and thenu(x;) = n+ 1.

Remark 2. In a loop of the fornfor x; := 1to X; {s}, both variablesq andx; are
allowed to be assigned in the body. However, the variablg; is looked up before

the beginning of the loop anx is assigned its new value before executing the body
of the loop. The expected semantics of the for-loop (as well as its termination) is
thus enforced.

Remark 3. Note that if a variabl®; contains only boolean values 0 and 1, a loop
of the formfor i := 1to by{s} corresponds to the conditionilb then {s}. The
control structuraf by then {s;} else{sy} can then be simulated by the sequence
{by := 1; if by then{s;; by := 0}; if by then {s;}}.

We are now able to define the semantics of a program (as ustiatands for
the reflexive and transitive closure &f).

DeriniTiON 2. Given an initial storeu, we say that a program p evaluatestoif
and only if(p, ) = ({}, ")

Remark 4. This semantics is deterministic since there is always at most one rule
which can be applied (depending on the environment and the shape of the pro-
gram). Moreover, the only case where no rule can be applied corresponds to the
final configuration (when the program amounts to an empty block).

4. Lock-step simulation

In this section, we present the lock-step simulation obd_programs byi-terms

of system T. We first show how to encode aok programs as a-term and then

we prove that this encoding is such that the evaluation of an imperative program
runs in lock-step with the reduction of its image.

4.1 Translation

In order to distinguish the successbfwhich is a constructor) from the successor
seen as an operation (whose evaluation should imply a reduction step), we use the
keywordsuccas an abbreviation fotx.S(x) in the following definition:

DeriniTion 3. The translation* of aLoop program with variables = (X, . .., Xk)
into a term is defined by induction on expressions and commands as follows:

o i* = S"(0)



o X* =X

o (X +1)* = sucqXx)

o (% —1)* = pred(x)

o {}*=X

o {X =€ s* =letx =e*in{s*

o {c; s}* = let X=c* in {s}* if c is not an assignment

o (for x := 1to e{s})* = rec(e*, X, AX.AX;.{S}*)
where e is either a constant or a variable

ExampLE 2. Let us translate the following prograpwhich computes the division
by two (whereX = (X1, X2, by, by, i, |, K)).
{
= Xq;
b, :=1;
for k:= 1to xg {
by :=1;
fori:=1toby{ //if bythen
r=r-1;
b, :=0;
b, :=0;
I
for j:=1toby{ //else
by :=1;
I
I
}
We obtainpy =
(
letr = x1in
letb; = 1in
let X = rec(Xz, X, AX.AK.
leth, =1in
let X = rec(by, X, AX.Ai.
letr = pred(r)in
letb; = Oin
letb, = Oin
X) in
let X = rec(by, X, AX.Aj.
letby =1in
X) in
)
)



Remark 5. Note that the translation clearly involves only terms with degree 0
(sinceXis always a tuple of natural numbers) and thus the target language is actu-
ally To (and not full system T).

4.2 Simulation theorem

Recall that a storg is by construction a pai{ i) wherex s tuple of variables and

fiis a tuple of natural numbers (of same length). The following lemma (respectively
theorem) states that the evaluation of an expression (respectively program) runs in
lock-step with the reduction of its image.

Lemma 2. If (e, (X, )) — q then &[f*/X] ~ q*

Proor. By case on the rulée, (X, i)) — g being used.
o Rulel
(i + D*[A*/X] ~ (u(%) + 1)*
Indeed, & + 1)*[*/X] = sucdx)[[*/X] = sucqn*) ~ S(n*) = (n; + 1)*
o Rule 2
(% = I)*[A*/X] ~ (u(x) = 1)
Indeed, & — 1)*[*/X] = pred(x)[i*/X] = pred(n*) and if nj = O then
pred(n*) ~ 0 andpred(n*) ~ (n; — 1)* otherwise.

Tueorem 1. If (c, (X, A)) — (cy, (X, Ay)) then c'[i*/X] w» cT[A}/X]

Proor. By induction on the derivation df, (X, fi)) — (c1, (X, fi1)).
o Rule 3
(X = q; 9*[A*/X] = {SI*[(Ng, ..., N_1, M, Ny, ..., NK)*/X]
Indeed{x; := q; s}*[A*/X]
(let xi = g* in {s}*)[(ng,....n)*/X]
= letxi=qg*in {S*[(Ne,...,Ni_1, Xi, Niz1,...,MNK)*/X]
o ASI(NL, - Nim X Mgt )™ /XL /%]
= {s/*[(N, ..., M—1, 0 Nix1,..., M)*/X]

o Rule 4
(% 1= x}; 9*[M*/X] = {s*[(n. ..., Ni—g, Nj, Mg, ..., )™ /K]
Indeed,{x; := x;; s}*[*/X]
= (letx =cyin {s}*)[(m,....n)*/X]
let X, = cj* in {s}*[(ny,..., Ni—1, Xis Misds - - - s n)* /X

~ {sP*[(ng, ..., Mi—1, X, Nigd, ...y )™ /X7 / %]
= {S*[(N1,.... N1, Ny, Nigg, .. k)Y /K]
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o Rule 5

e[ /X ~ q

{Xi =& sp*[*/X] > {x := q; s}*[A*/X]

Indeed, {x := € s}*[A*/X]

(let x; = €* in {s}*)[(M
let x; = e*[A*/X] in ({(S*[(N1, - - ., Ni—1, Xi, Nisa, - - ., M) */X])

9 e

L)Y /X

By induction hypothesisg*[fi*/X] ~» g and then by lemma 1:
let xi = e*[*/X] in ({s)*[(Na, - - ., Ni—1, X6, Nisea, - -, )™ /X))

~ et x = g*in ({sP*[(Ng, ..., N1, X, Nig1, ..., nK)* /X))

o Rule 6

(let x = g* in {s/*)[(m
{xi := q; s;*[A*/X]

..... n)* /X

{h S /X] o ([ /X]

Indeed et X = {}* in {s}*[A*/X]

let X = {}* in {s}*[A*/X]

= letX=m*in{s}*

~w {s)*[A*/X]

o Rule?7

c*[A*/X] w e [A*/X]

{c; sp[A*/X] ~ {cg; sp*[*/X]
Indeed, since is neither an assignment not the empty block,

{c e [A*/x] =

let X = c* in {s}*[A*/X]
let X = ¢c*[A*/X] in {s}*

By induction hypothesis;*[i* /X] ~» c}[fi}/X] and then by lemma 1:

let X =c*[*/X] in {s}* ~ letX=ci[A}/X]in {s}*

o Rule 8

let X = ¢} in {s}*[A}/X]
{co; si*[Ay/X]

(for x; := 1to e{sh*[A*/5] ~ {}*[7*/X]
Indeed, since is either the constant 0 or a variabdgandn; = O:

(for x; := 1to e {s))*[A*/X]

rec(e*, X, AXAx;.{s)*)[*/X]
rec(0, i*, AX.AX;.{s}*)

ﬁ*

{1*[*/x]
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o Rule 9
(for x; := 1to e{s))*[A*/X] ~ {for x 1= 1to q{s}; % := q+ 1;s/*[A*/X]

Indeed, sinceis either a constarj + 1 or a variablex; andn; = g + 1:
(for x; := 1to e{s})*[A*/X]

= rec(e*, X AXAx{s}*)[A* /X

= rec(S%L(0), E*, AR A%.{s}*)

~ et X = rec(S9(0), E*, AR Ax.{s}*) in let x; = ST1(0)in {s}*

= (let X = rec(S9(0), X, AX.Ax.{s}*) in let x; = ST*L(0) in {s}*)[A*/X]
= (let X = rec(S9(0), X, AXAX.{S}*) in {x := q+ 1;s}™)[*/X]

= (letX=(for x :=1toq{s)*in {x :=q+1;s")[A*/X]

= {for x:=1toq{s};x :=q+1;s*[A*/X]

5. Ultimate Obstinacy

Colson and Fredholm proved in [3] that (non-trivial) terms of system T evaluated
by value are ultimately obstinate. In this section, we show that this property still
holds for system T in the presence a constant-time predecessor function and prod-
uct types. However, since the techniques developed in [3] do not seem to generalize
easily to this case, we present here a new direct proof of this result.

We first extend the syntax of terms and values with an infinite number of con-
stantSJ_ik of typeN and we supplement our set of reduction rules with the following
rule:

Clpred(L1K)] ~ C[1KY

We denote by~ this extended rewriting system. Intuitively, a constahtrepre—
sents a “sfficiently large” natural number (on which the predecessor can be applied
at leastk times). Thus, we could vieWL:‘ aspredk(J_io) or, in other words, if we
look at thei-th argument as an input channel, the supersériptls us how far we
may need to look ahead in this input channel.

The strong normalization of reductier’, for well-typed terms is a consequence
of the following lemma (since the reducties is strongly normalizing for well-
typed terms).

Lemma 3. For any terms fu, if (1L /xq,. .., LR/xa] ~ U[L¥/xq, ..., L0 /%]
then {0/Xq,...,0/Xa] ~ U[0/Xq,...,0/Xn].

Since terms now possibly contain constani‘fsof typeN, even a well-typed term
can get stuck during evaluation (the term cannot be evaluated further) although it
is not yet a value. This lemma already splits the set of terms into constant, trivial
and ultimately obstinate terms.



12

Lemma 4. Given a well-typed term t of type N with free variablgs. x. , x, of type
N, if t[J_g/Xl, cel, J_ﬂ/xn] wﬁ v where v is in normal form then one of the following
cases holds:

o vis avalue $(0) (we say that t izonstan)
o vis avalue $(1L™ with m< p (we say that t igrivial)

o there is an evaluation contex{ ¢ such that v= C[rec(L{", vz, v3)] and m< p
(we say that t isiltimately obstinatg

Proor. By inspection of normal forms (and then by induction on the derivation to
show thatim< p). o

DerintTioN 4. The S-substitutioniS(L;)/Li] is the homomorphic extension of the
basic function defined as follows:

o 1O[S(Li)/Lill = S(LD)

o LIFH[S(Li)/Lill = Lf
We write f{SP(;)/ L] for the generalized S-substitution defined by induction on
p with t[[SO(J—i)/J—i]] =tand t[[sml(li)/li]] = t[S(Li)/ LT [SP(Li)/Lill.

Lemma 5. For any terms tu, if t ~» u then f{S(L;)/Li] ~ ul[S(Li)/Lil

Proor. It is easy to check that S-substitution commutes with the reduction rules
given in figure 1. It remains to show that S-substitution commutes with the rule
Clpred(LX)] ~ C[ LK. Indeed, ifC’[] = C[] [S(Li)/Lil then:
Clpred(10)] [S(1i)/Lill = C'[pred(S(LO)] ~» C'[1%] = CLLH [S(1i)/ 111
Clpred(L*Y)] [S(Li)/ Lill = C'[pred(1)] ~» C'[1F] = CLLK?] [S(1i)/Li]
m|

The following lemma (together with lemma 3) allows us to apply lemma 4 on
genuine natural numbers.

Lemma 6. Given a well-typed term t with constant$, ..., 1§ of type N, if tws, v
then tSP(L1)/L1,...,SP(Ln)/Lnll w1 VISP(L1)/ L1, ..., SP(Ln)/Lnl

Proor. Apply lemma 5 repeatedlp times for eachL;. o

Lemma 7. (constanT TERMS) Given a well-typed constant term N with free vari-
ables %, ..., X, of type N, there exist b € N such thatforany p>0,..., p, > 0,
t[SPL(0)/Xa. . .., SP(0)/xn] ~>P SX(0).

Proor. Lett’ = t[L19/xy,..., 13/x] and p, k be such that’ ~»P S¥(0) by lemma
4. Sincet[SPY(L9)/x1,...,SP(LY)/%] = V' [SP(L1)/La,...,SP(Ln)/Ln]l and
by lemma 6§’ [SP:(L1)/L1,...,SP(Ln)/Ln]l ~P° SK(0). We conclude by lemma
3 thatt[SPL(0)/xq, . . ., SP(0)/ ] ~P SK(0). o
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Lemma 8. (triviaL TERMS) Given a well-typed trivial term t N with free variables
X1,...,%n Of type N, there existm, p,k with 1 <'i < nand m< p such that for
anyp>0,...,pn >0, t[SPL(0)/X1,. .., SP(0)/X,] P SPi—m™K),

Proor. Lett’ = t[19/xq,..., L3/x] and p,k, m be such that’ ~»P SK(1I") by

lemma4. SincgSPH(L9)/xa, ..., SP(L9)/Xa] =t [SP(L1)/ L1, ..., SP(Ln)/Ln]

and by lemma 6t' [SP*(L1)/L1, ..., SP(Ln)/Lnll > SKSP™(L) if p > m,

andt’ [SPL(L1)/L1,. .., SP(Ln)/Lnll w! SKL™P)if pi < m We conclude by
lemma 3 that[SP1(0)/Xy, . .., SP1(0)/Xn] ~»P SK(SPI—™(0)). o

Remark 6. Clearly, trivial terms compute only functions definable (with the usual
mathematical notation) ag{,. .., xn) — (% —m) + k (for some constants k).

Lemma 9. Given an evaluation context[Q, if C[rec(S¥(0), v, v3)] is well-typed
and k > 0 then rec(S¥(0), vo, v3)] ~» C’[rec(SK1(0), v, v3)] where C[ ] is
again an evaluation context.

Proor. IndeedC’ = C[(vz e S¥(0))]. o

THEOREM 2. (ULTIMATELY OBSTINATE TERMS) Given a well-typed ultimately obstinate
term t of type N with free variables x. ., x, of type N, there existin € N with
1<i<nsuchthatforany p> p,..., pn = p, {SP(0)/x1,. .., SP(0)/xy] reaches
its normal form in at least jreductions steps.

Proor.  Indeed, ift’ = t[19/x1...,19/x,] thent’ ~f C[rec(1™ vy, v3)] by
lemma 4. Nowf[SP(L9)/xq, ..., SP(L9)/%n] =t/ [SP(L1)/ L1, .., SP(Ln)/Lnl
andt’ [SP(L1)/L1...,SP(Ln)/Lnll »P Clrec(LP ™™, v, v3)] by lemma 6 (since
pi > m), andt[SP1(0)/x; ..., SP(0)/xn] ~P C[rec(SP—™(0), v, v3)] by lemma 3.
Thus, by lemma 9C[rec(SP—™(0), v2, v3)] ~»P~™ C[rec(0, v», v3)]. We conclude
sincep > mand thusp+ pj—m> p;i. o

CoroLrary 1. There is no term in system T with product types and constant-time
predecessor which computes the minimum of two natural numbers n,m with time-

complexity @min(n, m)).

Remark 7. Note that the proof of the ultimate obstinacy property relies crucially
on lemma 9. For instance, the property does not hold if we consider the following
reduction rule forec (which is derivable, but not in call-by-value):

rec(S(n), v, Ax.Ay.t) ~» t[n/x rec(n, b, Ax.Ay.t)/y]

Indeed, since we consider weak reduction and synoy occurs under the scope

of a A-abstraction irt, there no reason thagc(n, b, 1x.1y.t) be the next redex to
contract. In fact, one can easily show that call-by-name evaluation can be simulated
under call-by-value evaluation using this rule and the usual thunk-based encoding
[16].
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We are now able to prove the result claimed in the introduction:

CoroLLARY 2. There is no program in theoor-language which computes the min-
imum of two natural numbers n,m with time-complexityni(n, m)).

Proor. By corollary 1 and theorem L

6. Conclusion and future work

In the one hand, we have defined a lock-step simulationoob Iprograms byi-

terms of call-by-value system T extended with product types and constant-time
predecessor operation. On the other hand, we have proved that Colson and Fred-
holm ultimate obstinacy property still holds in this extension of system T. As a
corollary of both results, we obtained that theok language does not allow to
write a program that computes the minimum of two natural numfgens)with the
expected complexit®(min(n,m))

Itis known [2] that such a program may be represented in call-by-name system T.
Similarly, it is clear that the following imperative program computes the minimum
(n,m) with the good time-complexity (wherexit corresponds to a new control
structure with the obvious semantics):

{
m:=m;r:=n;
fory:=1ton{
m:=m-1;
if m=0then{r := nY; exit; };
}
}

A question is then to determine whether there is a natural functional system and
a lock-step simulation which accounts for this new control structure. This question
is interesting since we conjecture that such a language would far more expressive
from an algorithmic standpoint. For instan&giris algorithm can be written in
this language but likely not in thedor language (we refer to [20] for details con-
cerning this issue). A similar result (but formulated in the framework of Abstract
States Machines [15]) which also supports this conjecture may be found in [25].

Another future work is suggested by remark 5: programs of i language
are actually mapped by our translationtderms ofTp. In order to reach the full
hierarchy of system T, a forthcoming paper shall be devoted to an extension of the
Loor language with higher-order procedures and procedural variables.

As a concluding remark, note that there is a growing interest in comparing the
expressive power of fierent programming paradigms. For instance, recent works
by Kristiansen, Niggl and Voda [17, 18] exhibit a connection between the classical
complexity hierarchies found in imperative and functional languages. We believe
that our translation may turn out to be convenient tool for this kind of investigation.



15

References

[1] S. Brookes and D. Dancanet. Sequential algorithms, deterministic parallelism, and intensional
expressiveness. 2nd Annual Symposium on POPI995.
[2] L. Colson. About primitive recursive algorithm3heoretical Computer Sciencg3, pp57-69,
1991.
[3] L. Colson and D. Fredholm. System T, call-by-value and the minimum problemoretical
Computer Scienc06, 1998.
[4] T. Coquand. Une preuve directe duetdeme d'ultime obstination. Compte Rendus de
I'’Académie des Sc314, Serie |, 1992.
[5] D.Dancanetand S. Brookes. Programming language expressiveness and circuit complexity. In
Internat. Conf. on the Mathematical Foundations of Programming Semat8es.
[6] R. David. Un algorithme primitif @cursif pour la fonction inf.Compt. Rend. de I'Aca. des
Scie, 317 (Srie 1), 1993.
[7] R. David. On the asymptotic behaviour of primitive recursive algorithifgeor. Comput. Sci.
266(1-2):159-193, 2001.
[8] R. David. Decidability results for primitive recursive algorithnEheor. Comput. Sci300(1-
3):477-504, 2003.
[9] M. Davis and E. WeyukerComputability, Complexity and Language&scademic Press, 1983.
[10] M. H. Escardo. On lazy natural numbers with applicaticdBESACT News24(1), 1993.
[11] D. Fredholm. Computing minimum with primitive recursion over listheoretical Computer
Sciencel63, 1996.
[12] J.-Y. Girard, Y. Lafont, and P. TaylorProofs and Typesvolume 7. Cambridge Tracts in
Theorical Comp. Sci., 1989.
[13] K. Godel. On a hitherto unexploited extension of the finitary standpainPhilos. Logic 9,
1980.
[14] C. A. Gunter.Semantics of Programming Languages: Structures and Technigoesdations
of Computing. MIT Press, 1992.
[15] Y. Gurevich. The sequential ASM thesBulletin of the EATC367:93, 1999.
[16] J. Hatclif and O. Danvy. Thunks and the lambda-calculliszunct. Program.7(3):303-319,
1997.
[17] L. Kristiansen and K.-H. Niggl. On the computational complexity of imperative programming
languagesTheor. Comput. S¢i318(1-2):139-161, 2004.
[18] L. Kristiansen and P. J. Voda. Programming languages capturing complexity clasSiesdim
Journal of Computingvolume 12. 2005.
[19] A.R.Meyerand D. M. Ritchie. The complexity of loop programsPhac. ACM Nat. Meeting
1976.
[20] Y. N. Moschovakis. On primitive recursive algorithms and the greatest common divisor func-
tion. Theor. Comput. S¢i301(1-3):1-30, 2003.
[21] R. Peter.Recursive FunctionsAcademic Press, 1968.
[22] G. Plotkin. A structural approach to operational semantics. Technical Report DAIMI FN-19,
Aarhus University, September 1981.
[23] K. ScHitte. Proof theory Addison Wesley, 1967.
[24] P. Valarcher. Intensionality vs extensionality and primitive recursion. volume 1179, 1996.
[25] P. Valarcher, P. Andary, and B. Patrou. About the implementation of primitive recursive algo-
rithms. InProceedings of the 12th International ASM WorksHearis, March 2005.
[26] L. van den Dries. Generating the greatest common divisor, and limitations of primitive recur-
sive algorithmsFoundations of Computational Mathemati@s297-322, 2003.



